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I o  INTRODUCTION 
I n  r e c e n t  y e a r s  s e v e r a l  i n v e s t i g a t o r s  have become 
i n t e r e s t e d  i n  flow s e p a r a t i o n  induced by wal l  d i s c o n t i n u -  
i t i e s  and t h e  r e s u l t a n t  i n t e r a c t i o n  between t h e  e x t e r n a l  
f l ow f i e l d  and t h e  wake, Such wakes may e i t h e r  be pro-  
duced by f r o n t  o r  rearward f a c i n g  w a l l s  c a u s i n g  s e p a r a t i o n  
of t h e  f r o n t - s t e p  o r  r e a r - s t e p  v a r i e t y  l e a d i n g  mainly t o  
form d r a g  problems, o r  t h e y  may be  of t h e  c a v i t y  v a r i e t y ,  
where an  e x t e r n a l  s t r eam i n t e r a c t s  w i t h  t h e  wake f low 
ma in ly  through shee r  s t r e s s e s  i n  t h e  mixing r e g i o n ,  How- 
e v e r ,  not  o n l y  d r a g  c o n s i d e r a t i o n s  b u t  a l s o  hea t  t r a n s f e r  
phenomena, e s p e c i a l l y  i n  t h e  r e g i o n  near  flow r e a t t a c h m e n t  
t o  s o l i d  w a l l s ,  have motivated expe r imen ta l  and theo -  
r e t i c a l  s t u d i e s .  Cavi ty  type  geometr ies  have been s t u d i e d  
where t h e  v o r t i c a l  motion i n s i d e  t h e  c a v i t y ,  d r i v e n  by t h e  
e x t e r n a l  f low f i e l d  th rough  a s h e a r  r e g i o n ,  i s  w e l l  de- 
f i n e d  and can be s u b j e c t e d  t o  q u a n t i t a t i v e  a n a l y s i s .  
Most of t h e  p rev ious  i n v e s t i g a t o r s  have p r e s e n t e d  empir- 
i c a l  i n f o r m a t i o n  and q u a l i t a t i v e  d i s c u s s i o n s  of t h e  n a t u r e  
of  t h e  f low and hea t  t r a n s f e r  b u t  have n o t  d e r i v e d  com- 
p l e t e  a n a l y t i c a l  models f o r  t h e  v e l o c i t y  f i e l d  o r  t h e  heat 
t r a n s f e r  i n  t h e  c a v i t y  (14,16,17,18,28,29). The e x c e p t i o n  
noted  has been t h e  work of  K o r s t  (11, Golik (31, and 
Miles (4) which i s  a l s o  cons idered  and inc luded  i n  t h e  
p r e s e n t  s t u d y  as a p a r t i c u l a r  c a s e  of t h e  g e n e r a l  a n a l y s i s ,  
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Genera l ly  two simple geomet r i e s  have found t h e  
a t t e n t i o n  of t h e  i n v e s t i g a t o r s ,  namely n e a r l y  c i r c u l a r  o r  
r e c t a n g u l a r  c a v i t i e s .  Each has i t s  p a r t i c u l a r  advantage .  
The r e c t a n g u l a r  model i s  e a s i e r  t o  f a b r i c a t e  and may be 
e a s i l y  changed i n  s i z e  by a l lowing  a movable f l o o r  or wa l l .  
Th i s  i s  g e n e r a l l y  t h e  model used by t h e  workers  who are 
p r i m a r i l y  i n t e r e s t e d  i n  an expe r imen ta l  i n v e s t i g a t i o n  as 
it  a l lows  an easy  v a r i a t i o n  o f  t h e  g e o m e t r i c a l  pa rame te r s .  
On t h e  o t h e r  hand, t he  n e a r l y  c i r c u l a r  c a v i t y  w i t h  
i t s  s h a r p ,  w e l l  de f ined  s e p a r a t i o n  and r ea t t achmen t  edges 
e l i m i n a t e s  secondary v o r t i c e s  t h a t  form i n  t h e  c o r n e r s  
between t h e  wal ls  and t h e  bot tom and which tend  t o  com- 
p l i c a t e  t h e  flow p i c t u r e .  V a r i a t i o n s  o f  g e o m e t r i c a l  para- 
meters i n  t h e  expe r imen ta l  i n v e s t i g a t i o n  i s ,  however, 
somewhat more d i f f i c u l t  e s p e c i a l l y  i f  w a l l  h e a t i n g  i s  t o  
be accomplishedo I n  p a r t i c u l a r ,  t h e  predominance of a 
v o r t i c a l  flow i n  t h e  c a v i t y  (approaching  s o l i d  body r o t a -  
t i o n )  and t h e  r a t h e r  w e l l  de f ined  shear flow r e g i o n s  a long  
t h e  c a v i t y  boundar ies  ( a t t a c h e d  boundary l a y e r  a long  t h e  
wa l l  and t h e  f r e e  j e t  mixing r e g i o n  s e p a r a t i n g  t h e  c a v i t y  
f rom t h e  e x t e r n a l  f low f i e l d )  make t h e  n e a r l y  c i r c u l a r  
c a v i t y  most a t t r a c t i v e  f o r  combined a n a l y t i c a l  and e x p e r i -  
men ta l  s t u d i e s .  
I t  i s  w e l l  known t h a t  f i n i t e  wake v e l o c i t i e s  do 
exist and must  n e c e s s a r i l y  be cons ide red  t o  de te rmine  d i s -  
s i p a t i o n  a l o n g  t h e  c a v i t y  w a l l  and t o  account  f o r  any hea t  
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t r a n s f e r  t o  and a c r o s s  t h e  s e p a r a t e d  flow r e g i o n ,  Indeed,  
f i n i t e  wake v e l o c i t i e s  not o n l y  a r e  n e c e s s a r y  f o r  e x p l a i n -  
i n g  hea t  t r a n s f e r ,  b u t  a l s o  c o n t r o l  t h e  ba l ance  between 
mechanical  energy t r a n s f e r r e d  t o ,  and d i s s i p a t e d  w i t h i n  
t h e  c a v i t y ;  it is  t h e  ve ry  mechanism which  s u s t a i n s  t h e  
v e l o c i t i e s  
I n  an a t t empt  t o  r e l a t e  t h e  academic i n t e r e s t  i n  
f lows  over  c a v i t i e s  t o  p r a c t i c a l  e n g i n e e r i n g  a p p l i c a t i o n s ,  
two s p e c i f i c  uses  can be s e l e c t e d  as be ing  r e p r e s e n t a t i v e o  
(These could be extended t o  a p p l i c a t i o n s  of a s i m i l a r  
n a t u r e .  1 
E x t e r n a l  s u r f a c e  c a v i t i e s  on c o n t r o l l e d  f l i g h t  
space  v e h i c l e s  f o r  s u r f a c e  t empera tu re  c o n t r o l  could be 
advantageous f o r  long d u r a t i o n ,  s e v e r e  h e a t i n g  f l i g h t s  i n  
t h e  atmosphere,  Such v e h i c l e s  would b e  t h e  manned s k i p -  
g l i d e  t y p e  once cons ide red  by one of t h e  space  programs, 
A b l a t i o n  c o o l i n g ,  such  a s  i s  p r e s e n t l y  u s e d  f o r  manned r e -  
e n t r y  f l i g h t ,  would be a t  a d i s a d v a n t a g e  f o r  c o n t r o l l e d  
r e - e n t r y  due t o  t h e  g r e a t  and t o  some degree  u n c o n t r o l l a b l e  
changes i n  body shapeo  Aerodynamical ly  t h e  body shape i s  
of no great  importance i n  p re sen t  o r b i t a l  miss ions  a s  long 
a s  t h e r e  is no s t r u c t u r a l  f a i l u r e ,  f o r  t h e r e  i s  no need 
f o r  aerodynamic s u r f a c e s  a f t e r  r e - e n t r y ,  I n  f u t u r e  more 
s o p h i s t i c a t e d  mis s ions ,  as a r e t u r n  from t h e  moon, t h e  
v e h i c l e  might  be r e q u i r e d  t o  l and  under f u l l y  c o n t r o l l e d  
f l i g h t  which would prec lude  a b l a t i n g  sur-faces  and w i l l  
n e c e s s i t a t e  some o t h e r  method of s u r f a c e  c o o l i n g .  
The r e su l t s  of  t h e  present  a n a l y s i s  may be  com- 
pared  by t h e  d e s i g n e r  f o r  given w a l l  and mass b l e e d  c o o l -  
ing  r a t e s  f o r  a c a v i t y  t o  the  c o o l i n g  of an e q u i v a l e n t  
non- i so the rma l  f l a t  p l a t e  and t h e  advan tage  or d i s -  
advantage  w i l l  be  apparent  f o r  a g i v e n  mis s ion .  No 
a t t e m p t  i s  made t o  de t e rmine  how w a l l  c o o l i n g  and/or 
mass i n j e c t i o n  might be accomplished i n  v e h i c l e  d e s i g n ,  
b u t  t h e  a n a l y t i c a l  r e s u l t s  could b e  used t o  de t e rmine  t h e  
b e s t  b a l a n c e  between t h e  t w o  c o o l i n g  methods t o  a c h i e v e  
t h e  most e f f e c t i v e  d e s i g n .  
Another p o s s i b l e  use f o r  s u r f a c e  c a v i t i e s  i s  t h e  
cont ro l .  o f  env i ronmen ta l  t empera tu re  of e x t e r n a l  s e n s o r s ,  
t r a n s d u c e r s  o r  o t h e r  e x t e r n a l  i n s t r u m e n t a t i o n  on a h i g h  
v e l o c i t y  v e h i c l e  f l y i n g  i n  t h e  a tmosphere .  The s e n s o r  
c o u l d  be p l aced  i n  a p r o t e c t i v e  c a v i t y  where t h e  c o r e  
r e g i o n  i s  main ta ined  a t  t h e  d e s i r e d  t e m p e r a t u r e  l e v e l ,  no 
matter what t h e  f r e e  s t r e a m  c o n d i t i o n s ,  by us ing  an a u t o -  
m a t i c  c o n t r o l  sys tem.  
The i n t e n t  of t h e  p r e s e n t  t h e s i s  was t o  deve lop  a 
u s e f u l  ma themat i ca l  model d e s c r i b i n g  t h e  f l o w  f i e l d  a n d  
h e a t  t r a n s f e r  i n s i d e  and over a n e a r l y  c i r cu la r  c a v i t y  
w i t h  a r b i t r a r y  w a i l  t empera tu re  d i s t r i b u t i o n  and i n c l u d i n g  
e f f e c t s  o f  mass b l e e d  i n t o  t h e  c a v i t y  c o r e  r e g i o n  a t  an 
a r b i t r a r y  t o t a ;  t empera tu re .  The model was d e r i v e d  f o r  
s t e a d y ,  i n c o m p r e s s i b l e ,  c o n s t a n t  p r o p e r t y ,  t u r b u i e n t  f low 
\ 
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over a two-dimensional c a v i t y .  A sys tems a n a l y s i s  s u c h  
a s  K o r s t ,  Gol ik  and i-iiies used, d e l i n e a t e d  t h e  i n d i v i d u a l  
p a r t s  of t h e  complete flow f i e l d .  The p a r t s  were t h e n  
ana lyzed  and i n t e r f a c e d  t o  provide  t h e  complete  c a v i t y  
model. The d i s s i p a t i v e  a s p e c t s  of t h e  flow model e s t a b -  
l i s h e d  t h e  v e l o c i t y  f i e l d  on t h e  b a s i s  of a mechanical  
energy  b a l a n c e e  The g e n e r a l  energy  e q u a t i o n ,  w i t h  t h e  a i d  
o f  t h e  now determined v e l o c i t y  f i e l d ,  was t h e n  used t o  
c a l c u l a t e  t h e  convec t ive  heat t r ans fe r  r a t e s  and e s t a b l i s h  
a thermodynamic b a l a n c e  € o r  t h e  c a v i t y .  
I .  
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11. A NALY S IS 
I w e s t i g a t i o n  of K o r s t  (11, G o l i k  (31, and 
M i l e s  (4) have  d e m o n s t r a t e d  t h e  f e a s i b i l i t y  and u s e f u l n e s s  
of s t u d y i n g  c a v i t y  f low b y  us ing  a s y s t e m s  a n a l y s i s  where-  
by i n d i v i d u a l  mechanisms of d i s s i p a t i o n  and e n e r g y  t r ans fe r  
c a n  be d e l i n e a t e d  and  a n a l y z e d .  The p r e s e n t  work s i m i l a r l y  
uses a s y s t e m s  a n a l y s i s  t o  i n v e s t i g a t e  t h e  f l o w  and  h e a t  
t ransfer i n  a n e a r l y  c i r c u l a r  c a v i t y  w i t h  i n t e r n a l  mass 
b l e e d  and a n o n - i s o t h e r m a l  wal l .  The d i s s i p a t i v e  model i s  
examined f i r s t  and t h e  v e l o c i t y  d i s t r i b u t i o n s  i n  t h e  s h e a r  
r e g i o n s  a r e  d e t e r m i n e d ,  These  v e l o c i t y  d i s t r i b u t i o n s  a re  
t h e n  used i n  a h e a t  t r a n s f e r  model i n  d e t e r m i n i n g  t h e  
t e m p e r a t u r e  d i s t r i b u t i o n  and th.e accompanying h e a t  t r a n s f e r  
f rom and a c r o s s  t h e  n e a r l y  c i r c u l a r  c a v i t y .  
Each  o f  t h e s e  two models i s  d i v i d e d  i n t o  two 
d e p e n d e n t  p a r t s  f o r  a n a l y s i s ,  t h e  s h e a r  r e g i o n  a c r o s s  t h e  
c a v i t y  o p e n i n g  and t h e  wake o r  v o r t i c a l  f l o w  r e g i o n  w i t h i n  
t h e  c a v i t y o  The wake v e l o c i t i e s  no t  o n l y  e s t a b l i s h  t h e  
h e a t  t r a n s f e r  mechanism w i t h i n  t h e  c a v i t y  b u t  a l s o  c o n t r o l  
a b a l a n c e  be tween  t h e  m e c h a n i c a l  ene rgy  t r a n s f e r r e d  t o  t h e  
c a v i t y  and t h a t  d i s s i p a t e d  w i t h i n  the c a v i t y .  Thus t h e  
s h e a r  r e g i o n  i s  c o n t r o l l e d  by t h e  wake w h i c h  i t  sus ta ins .  
A .  - D i s s i p a t i v e  Model 
The  d i s s i p a t i v e  model f o l l o w s  t h e  s y s t e m s  method o f  
a n a l y s i s  used  by  K o r s t  (1) and G o l i k  ( 3 )  i n  e s t a b l i s h i n g  
t h e  wake k i n e m a t i c s  011 t h e  b a s i s  o f  a mechanic21  ene rgy  
b a l a n c e o  
l a y e r  a t  t h e  p o i n t  of  s e p a r a t i o n  a t  t h e  l e a d i n g  edge of t h e  
c a v i t y ,  a two-d imens iona l  model, and s t e a d y  f l o w .  The s h e a r  
r e g i o n  i s  assumed t o  c o m p l e t e l y  s p a n  t h e  c a v i t y  o p e n i n g ,  
t h a t  i s  t h e  open c a v i t y  c a s e  as d e s i g n a t e d  i n  t h e  l i t e r a t u r e ,  
re fe rences  (28)  and ( 3 ) .  
The a n a l y s i s  was l i m i t e d  t o  a t u r b u l e n t  boundary 
Charwat (28)  and Maul1 ( 2 9 )  d i s c u s s  t h e  c a s e  of un- 
s t e a d y  c a v i t y  f l o w  and Miles (43 p r e s e n t s  some e s t i m a t e s  of  
" " & A L L  \ J ,  UkI.*II"Y t h e  l i m i t s  fnr  rar,gz =f s tczGy fl~~;,l, C n l i L  /'I i l o f i n o c  
a n  open  c a v i t y  i n  terms of  t h e  r a t i o  o f  c a v i t y  w a l l  l e n g t h  
t o  c a v i t y  open ing  l e n g t h .  
A m e c h a n i c a l  e n e r g y  b a l a n c e  may b e  made f o r  any  
c a v i t y  s h a p e  b u t  t h e  p a r t i c u l a r i z i n g  o f  t h e  r e s u l t a n t  equa-  
t i o n s  f o r  a c i r c u l a r  c a v i t y  w i l l  make a p p a r e n t  t h e  a d v a n t a g e  
o f  t h a t  geometry .  The sys t ems '  c o n t r o l  s u r f a c e  and t h e  
n o m e n c l a t u r e  used i n  t h e  a n a l y s i s  a r e  i n d i c a t e d  i n  f i g u r e  1. 
The b o u n d a r i e s  a r e  t h e  IljlI streamline which  d i v i d e s  t h e  
f l u i d  i n  o r  coming from w i t h i n  t h e  c a v i t y  f rom t h a t  of t h e  
f r e e  stream, t h e  s o l i d  w a l l  of t h e  c a v i t y ,  and a c l o s i n g  
c r o s s  s e c t i o n  a t  r e a t t a c h m e n t  between t h e  I t j l l  and l td l l  s t r e a m -  
l i n e s  The Ildtl s t reamline s t a g n a t e s  a t  t h e  r e a t t a c h m e n t  
p o i n t  R and s e p a r a t e s  t h e  f l u i d  l e a v i n g  t h e  c a v i t y  f rom t h a t  
w h i c h  r e c i r c u l a t e s  w i t h i n  t h e  c a v i t y .  
For inass b l e e d i n g  i n t o  t h e  c a v i t y  a mass e f f l u x  
o c c u r s  between t h e  I1jf1 and Ildtt s t r e a m l i n e s  a n d  r e q u i r e s  f rom 
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a c o n s e r v a t i o n  of mass t h a t  
Mechanical  energy t r a n s f e r r e d  t o  t h e  system a c r o s s  t h e  I l j l l  
s t r e a m l i n e  due t o  t h e  s h e s r  work of t h e  mixing  r e g i o n  mus t  
e q u a l  t h e  mechanical  energy d i s s i p a t e d  i n  t h e  c a v i t y  and t h e  
e f f l u x  of k i n e t i c  energy due t o  mass b leed .  
I t  i s  assumed t h a t  t h e  d i s s i p a t i o n s  may be i d e n t i f i e d  and 
e v a l u a t e d  a s  i n d i v i d u a l  terms which  do no t  i n t e r a c t .  These 
components a r e  t h e  t o t a l  r a t e s  of d i s s i p a t i o n  i n  (1) t h e  
j e t  mixing r e g i o n ,   ED^ ( 2 )  t he  reccmpress ion  zone,  ED^ ( 3 )  
t h e  c a v i t y  w a l l  boundary l a y e r ,  and (4) t h e  c a v i t y  co re  
r e g i o n ,  . There fo re ,  
To make t h e  model more amenable t o  a n a l y s i s  a n e a r l y  c i r -  
c u l a r  shaped c a v i t y  was s e l e c t e d .  T h i s  i s  a geometry which 
a l l o w s  a d i s c u s s i o n  of t h e  e s s e n t i a l  mechanisms b u t  i s  
s imple  enough t o  g ive  meaning t o  b o t h  t h e  t h e o r y  and com- 
p a r i s o n  w i t h  exper iment ,  T h i s  cho ice  reduces  some of t h e  
d i s s i p a t i v e  terms t o  r e l a t i v e l y  s m a l l  v a l u e s  and a l lows  a 
meaningful  a n a l y s i s  of t h e  remaining terms.  A d i s c u s s i o n  of 
t h e  i n d i v i d u a l  terms of t h e  mechanical  energy e q u a t i o n  
f o l l o w s .  
1. The & m i x i n g  reg ion- - In  de t e rmin ing  t h e  t r a n s f e r  
of  mechanical  energy t o  t h e  wake, i t  was convenient  t o  d e f i n e  
t h e  n e t  t r a n s f e r  o f  mecha-nical energy ( r e f e r e n c e  1) 
Of c o u r s e  t h e  e v a l u a t i o n  o f  d i s s i p a t i o n  i n  t h e  mixing zone 
i s  dependent  on t h e  s o l a t i o n  o f  t h e  j e t  mixing problem. A s  
t h e  v e l o c i t y  a long  t h e  edge of t h e  c o r e  f low r e g i o n  and the  
d i s s i p a t i v e  r e g i o n  i s  n e a r l y  c o n s t a n t ,  t h e  shea r  r e g i o n  can 
be r e a s o n a b l y  approximated by n o n - i s o e n e r g e t i c ,  t u r b u l e n t  
j e t  mix ing  between two u n i f o r m  s t reams a t  c o n s t a n t  p r e s s u r e .  
A d i s c u s s i o n  of  t h e  a n a l y s i s  of  t h e  flow i n  t h e  s h e a r  r e g i o n  
f o l l o w s ,  The k inemat i c  r e s u l t s  a r e  t h e n  used i n  c a l c u l a t i n g  
t h e  d i s s i p a t i v e  terms i n  a mechanical  energy ba lance .  The 
t empera tu re  d i s t r i b u t i o n s  determined i n  t h e  shear  r e g i o n  
f low a n a l y s i s  a r e  used l a t e r  i n  t h e  the rma l  energy ba lance  
of t h e  h e a t  t r a n s f e r  model. 
Mathematical  models f o r  t h e  m i x i n g  o f  two s t r e a m s  
have been r e p o r t e d  by s e v e r a l  r e s e a r c h e r s  f o r  e i t h e r  t h e  
l i m i t i n g  c a s e  of  a s i m i l a r i t y  s o l u t i o n  o r  t h e  more g e n e r a l  
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c a s e  of a deve lop ing  s h e a r  l a y e r  approaching  s i m i l a r i t y  
a s y m p t o t i c a l l y  (1-8,. 
momentum i n t e g r a l  methods app l i ed  t o  v e l o c i t , y  p r o f i l e s  which 
have been o b t a i n e d  as s o l u t i o n s  f o r  a h i g h l y  s i m p l i f i e d  
l i n e a r i z e d  e q u a t i o n  o f  motion d e s c r i b i n g  c o n s t a n t  p r e s s u r e  
mixing. A more g e n e r a l i z e d  method a l t h o u g h  o r i g i n a l l y  r e -  
s t r i c t e d  t o  laminar mixing has been o u t l i n e d  by P a i  (10). 
Both approaches  are e s s e n t i a l l y  
S i m i l a r i t y  P r o f i l e s  A s  a f i r s t  approximat ion  a 
s i m i l a r i t y  s o l u t i o n  was used by K o r s t  and Gol ik .  The r e su l t s  
were s a t i s f a c t o r y  and a method was d e v i s e d  t o  account  f o r  t h e  
i n i t i a l  boundary l a y e r  i n  t he  pr imary stream us ing  an 
" e q u i v a l e n t  b leed"  concept .  The e q u a t i o n  f o r  a two-dimen- 
s i o n a l ,  c o n s t a n t  p r e s s u r e  mixing r e g i o n ,  
was l i n e a r i z e d  and so lved  f o r  a r b i t r a r y  i n i t i a l  c o n d i t i o n s  
b u t  s p e c i a l  i n t e r e s t  was cen te red  on t h e  " r e s t r i c t e d  case"  
o f  e i t h e r  l a r g e  downstream d i s t a n c e s  o r  v a n i s h i n g  i n i t i a l  
boundary l a y e r  t h i c k n e s s ,  f o r  which t h e  a sympto t i c  e r r o r  
f u n c t i o n  p r o f i l e  was ob ta ined  ( 2 ) .  
where 
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Tob c = u c :  > 3 4 b )  , a n  e m p i r i c a l  parameter  which 
i s  r e l a t e d  t o  t h e  r a t e  of spreading  of  t h e  mixing zone. 
The r e s t r i c t e d  s o l u t i o n  was o b t a i n e d  from t h e  s o l u -  
t i o n  t o  t h e  l i n e a r i z e d  e q u a t i o n  w i t h  g iven  i n i t i a l  f l ow 
p r o f i l e s  by a l lowing  a " p o s i t i o n  parameter"  t o  asymptot ic -  
a l l y  approach  z e r o  ( 8 ) .  
The i n i t i a l  boundary l a y e r  may t h e n  be t ,aken i n t o  
account  by i n t r o d u c i n g  a v i r t u a l  o r i g i n  f o r  t h e  mixing r e g i o n  
a t  a p o i n t  upstream of  t h e  a c t u a l  beginning  o f  t h e  m i x i n p  
zone,  w h i l e  s t i l l  u t i l i z i n g  t h e  s i m i l a r i t y  s o l u t i o n  a s  v a l i d  
for l a r g e  d i s t a n c e s  downstream. T h i s  i s  a good approximat ion  
a s  any i n i t i a l  v e l o c i t y  d i s t u r b a n c e ,  such  as a boundary l a y e r ,  
l o s e s  i t s  e f f e c t  on t h e  shape o f  t h e  f l o w  p r o f i l e s  f a r  down- 
stream y e t  r e t a i n s  t h e  momentum d e f e c t .  K i rk  ( 5 )  has  sug-  
g e s t e d  t h a t  t h e  v i r t u a l  o r i g i n  be t h i r t y  i n i t i a l  momentum 
t h i c k n e s s e s  upstream from t h e  p o i n t  o f  s e p a r a t i o n .  McDonald 
( 6 )  and Nash ( 7 )  found t h i s  v a l u e  t o  produce r e a s o n a b l e  
r e s u l t s ,  O f  c o u r s e ,  near t h e  s e p a r a t i o n  p o i n t  t h e  use  of 
t h e  s i m i l a r i t y  v e l o c i t y  p r o f i l e  would t e n d  t o  g i v e  e r roneous  
r e s u l t s  f o r  most p r a c t i c a l  c o n d i t i o n s .  
Developing P r o f i l e s  Methods o f  p r e d i c t i n g  t h e  
p re -a sympto t i c  mixing r e g i o n  have been r e p o r t e d  by Nash ( 7 )  
and Lamb (81, These methods examine t h e  l i n e a r i z e d  s o l u t i o n  
b e f o r e  t h e  p o s i t i o n  parameter approaches z e r o ,  as i t  would 
i 
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f o r  l a r g e  d i s t a n c e s  or z e r o  i n i t i a l  boundary l a y e r  t h i c k -  
nes ses .  Lamb a p p l i e d  t h e  Navier-Stokes e q u a t i o n s  a long  t h e  
d i v i d i n g  s t r e a m l i n e  t o  e v a l u a t e  t h e  p o s i t i o n  parameter .  
Once t h e  v a l u e  o f  t h e  p o s i t i o n  parameter  i s  known t h e  l o c a l  
v e l o c i t y  p r o f i l e  can be i d e n t i f i e d  through t h e  pre-asymptot ic  
s o l u t i o n  of t h e  l i n e a r i z e d  mixing l a y e r  e q u a t i o n .  
I n  t h e  p r e s e n t  c a s e ,  t empera tu re  p r o f i l e s  i n  t h e  
mix ing  r e g i o n  and t h e  e f f e c t s  o f  i n i t i a l  t empera tu re  bound- 
a r y  l a y e r s  a r e  impor tan t  i n  t h e  complete  c a v i t y  a n a l y s i s .  
None of t h e  above mentioned methods seemed d i r e c t l y  a p p l i c -  
a b l e  a s  no account was made of i n i t i a l  t empera tu re  p r o f i l e s  
nor had any  p r o v i s i o n  been made f o r  f i n i t e  v e l o c i t i e s  i n  
t h e  wake. Consequent ly  a more g e n e r a l  r e s u l t  had t o  be 
o b t a i n e d  by numer i ca l ly  s o l v i n g  t h e  fundamental  e q u a t i o n s  
governing c o n s t a n t  p r e s s u r e  mix ing .  T h i s  method may be 
cons ide red  more e x a c t  and in fo rma t ive  t h a n  t h e  approximate 
e x p l i c i t  s o l u t i o n s  b u t  c e r t a i n l y  not  a s  convenient  i n  use. 
An advantage  o f  t h e  more g e n e r a l  s o l u t i o n  i s  t h a t  i n i t i a l  
c o n d i t i o n s  ( v e l o c i t y  and tempera ture  p r o f i l e s )  may be s t u d i e d  
d i r e c t l y  whereas  they  had t o  b e  t r e a t e d  i n  lumped parameter  
form i n  t h e  l i n e a r i z e d  s o l u t i o n s .  
The s o l u t i o n s  t o  t h e  l i n e a r i z e d  e q u a t i o n  a l s o  r e -  
q u i r e d  a numer ica l  e v a l u a t i o n  and  it i s  not c l e a r  t h a t  a 
numer i ca l  e v a l u a t i o n  of t h e  e x a c t  s o l u t i o n  of t h e  l i n e a r i z e d  
d i f f e r e n t i a l  equa t ions  invo lves  l e s s  computa t iona l  t ime t h a n  
t h e  numer ica l  s o l u t i o n  t o  t h e  non- l inea r  d i f f e r e n t i a l  e q u a t i o n .  
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It i s  t h e n  t h e  p u r p o s e  h e r e  t o  e s t a b l i s h  a numer ica l  
method f o r  t h e  s o l u t i o n  o f  t h e  sys tem of n o n - l i n e a r ,  p a r t i a l  
d i f f e r e n t i a l  equa t ions  ( c o n t i n u i t y ,  momentum, and energy  
e q u a t i o n s )  f o r  a shear flow when t h e  i n i t i a l  c o n d i t i o n s  f o r  
b o t h  streams are  g iven .  Th i s  s o l u t i o n  s h o u l d  be u s e f u l  i n  
c a l c u l a t i n g  t h e  wake  due t o  s e p a r a t i o n  o f  any s h a r p  t r a i l i n g  
edged body b u t  i n  t h e  p r e s e n t  work i t  i s  t o  be used i n  t h e  
d i s s i p a t i v e  and hez t  t r a n s f e r  models. 
If t h e  governing equa t ions  f o r  an i s o b a r i c  shear 
r e g i o n  a re  w r i t t e n  i n  te rms  o f  a stream f u n c t i o n  t h e y  appear 
a s  9 
momentum, 
where by d e f i n i t i o n ,  
The c o n t i n u i t y  e q u a t i o n  i s  
i n t r o d u c t i o n  of t h e  s t r e a m  
va r i ab le .  
a u t o m a t i c a l l y  s a t i s f i e d  by 
f u n c t i o n  as a n  independent  
If it i s  now assumed t h a t  
Pr = * = CONSTAUT 
t 
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and non-dimensional  v a r i a b l e s  a r e  d e f i n e d  as 
where s ubscr  i p t  llatl s i g n i f i e s  f r e e  s t r e a m  and r l ~ l l  i s  t h e  
o r i g i n  of t h e  mixing zone t h e n  
For  t h e  incompress ib l e  case  Ca2 = 0. If t h e  p e r f e c t  g a s  
l a w  a p p l i e s  and s i n c e  t h e  pressure i s  c o n s t a n t ,  t h e  equa- 
t i o n  of s t a t e  may be w r i t t e n ,  
The e q u a t i o n s  a re  of  t h e  p a r a b o l i c  t y p e  and t h e  boundary 
c o n d i t i o n s  a re  s p e c i f i e d  on t h e  open boundary as :  
(1) e 5 = O  q = P , , , ( U > ,  'i=T,(y) 
I .  
It can be noted  t h a t  t h e  energy e q u a t i o n  i s  always coupled 
w i t h  t h e  momentum e q u a t i o n ,  wh i l e  t h e  l a t t e r  becomes inde -  
pendent from t h e  former i f  d e n s i t y  changes can b e  neg lec t ed  
(and t h e  t u r b u l e n t  eddy v i s c o s i t y  remains u n a f f e c t e d  by 
non-uniform t h e r m a l  c o n d i t i o n s ) .  
A s  t h e s e  ilre parabc l iz  t ype  eql?s t ims ,  t h e  dnwnstream 
c o n d i t i o n s  are uniquely  determined from known i n i t i a l .  condi-  
t i o n s .  Values o f  8 and T t h e n  may be c a l c u l a t e d  i n  t h e  
p o s i t i v e  x d i r e c t i o n  us ing  a forward d i f f e r e n c e  approxima- 
t i o n .  A f t e r  t h e  d i f f e r e n c e  equa t ions  have been developed,  
we s h a l l  e s t a b l i s h  a s t a b i l i t y  c r i t e r i o n  between t h e  g r i d  
s i z e  and t h e  parameters  o f  t h e  problem. 
A uniform r e c t a n g u l a r  g r i d  s p a c i n g  was used a s  shown 
i n  t h e  below s k e t c h .  
- 1  i 1 -{ 
m I  rl+l m+i,n+i mt2 ,  h + i  
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The dependent  v a r i a b l e s  a r e  c a l c u l a t e d  f o r  t h e  node p o i n t s  
and are s u b s c r i p t e d  by t h e  a p p r o p r i a t e  d e s i g n a t i o n  a s  shown. 
To o b t a i n  a d i f f e r e n c e  approximat ion  f o r  a f i r s t  
o r d e r  d e r i v a t i v e  i n  < 
f o r  Q p t  t h e  M - t l  node i n  terms of  i t s  d e r i v a t i v e s .  Note 
t h a t  t h e  d e r i v a t i o n  of  t h e  d i f f e r e n c e  e q u a t i o n s  w i l l  be i n  
terms o f  v e l o c i t y  bu t  a r e  similar f o r  t empera tu re  i n  t h e  
energy  e q u a t i o n .  
Taylor  s e r i e s  expans ion  may be w r i t t e n  
* s3 2'P 1 + h ighe r  o r d e r  + -  - 
3! e3 M , q  terms 
S o l v i n g  f o r  t h e  f i r s t  o r d e r  d e r i v a t i v e  and making as 
a r b i t r a r i l y  small,, t h e  maximum s i z e  o f  A S  w i l l  be d e t e r -  
mined by s t a b i l i t y  c r i t e r i o n  l a t e r ,  
p rov ided  t h a t  a l l  h ighe r  o r d e r  d e r i v a t i v e s  e x i s t .  The e r r o r  
i n  t h e  approximat ion  i s  o f  t h e  o r d e r ,  
The same e q u a t i o n  f o r  t h e  f i r s t  o r d e r  d e r i v a t i v e  i s  used f o r  
t h e  u) independent  v a r i a b l e ,  
I 
wi th  an  e r r o r  e s t i m a t e  of 
If 
t h e n  we may wr i t e  
if we now s u b s t i t u t e  f o r  d( ) /d i j  a d i f f e r e n c e  e q u a t i o n  and 
we o b t a i n  
On s u b s t i t u t i o n  i n t o  t h e  momentum e q u a t i o n  and s o l v i n g  f o r  
t h e  downstream v e l o c i t y  term, 
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where t h e  f a c t o r  M i s  de f ined ,  
S i m i l a r l y  t h e  d i f f e r e n c e  equa t ion  f o r  i s ,  
E 
where E i s  d e f i n e d  
With known v a l u e s ,  i n i t i a l  c o n d i t i o n s ,  o r  computed 
- 
values  of  q m J n  and T , iny  t h e  downstream nodes may be 
c a l c u l a t e d  f o r  g iven  v a l u e s  o f  Reh 
f u n c t i o n  f o r  t u r b u l e n t  eddy v i s c o s i t y .  
and P r t  and a known 
Below i s  a s k e t c h  i n d i c a t i n g  t h e  procedure  of c a l -  
c u l a t i n g  a node from t h r e e  upstream nodes u s i n g  t h e  above 
d i f f e r e n c e  e q u a t i o n s .  
Note t h a t  f o r  t h i s  method t h e r e  i s  no way t o  c a l c u l a t e  t h e  
o u t s i d e  nodes of t h e  new column. Although t h e  f i e l d  goes 
t o  i f i f i n i t y  i n  b o t h  t h e  p o s i t i v e  and n e g a t i v e  '3, d i r e c -  
t i o n s ,  t h e  d i s t u r b a n c e  d u e  t o  t h e  i n i t i a l  d i f f e r e n c e  a t  t h e  
o r i g i n  i s  o n l y  e f f e c t i v e  t o  t h e  edges o f  t h e  s h e a r  r e g i o n .  
Outs ide  t h i s  r e g i o n  t h e  o r i g i n a l  f r e e  s t ream v e l o c i t i e s  
e x i s t .  A t  t h e  o r i g i n ,  t h e  l o c a t i o n  of t h e  i n i t i a l  condi -  
t i o n s ,  t h e  d i s t u r b a n c e  edges a r e  t h e  boundary l a y e r  t h i c k -  
n e s s e s  of t h e  two s t r eams .  A s  long a s  t h e  f i e l d  i s  d e f i n e d  
o u t s i d e  t h e  s h e a r  r e g i o n  f a r  enough t o  permi t  t h e  next  s e t  
o f  noua l  v a l u e s  t o  be c a l c u l a t e d ,  t h e  complete  f i e l d  i s  
d e f i n e d .  A new s e t  of @ v a l u e s  m u s t  be i n s p e c t e d  a f t e r  
eve ry  s t e p  i n  t h e  5 
c r e a s e d  if needed a s  t h e  edres  o f  t h e  shea r  r e g i o n  s p r e a d ,  
I n  t h e  p r e s e n t  a n a l y s i s  t h e  o u t s i d e  t h r e e  nodes were k e p t  
a t  t h e  r e s p e c t i v e  f r e e  s t ream v a l u e s  on bo th  s i d e s  of t h e  
s h e a r  r e g i o n .  When t h e  inne r  one of t h e  t h r e e  nodes changed 
by a s p e c i f i e d  t o l e r a n c e ,  a new node was added t o  t h a t  s i d e .  
T h i s  a l s o  al lowed t h e  o u t e r  nodal  v a l u e s  of t h e  new column 
t o  be s e t  e q u a l  t o  t h e  prev ious  o u t e r  nodal  v a l u e s  a s  no 
change could have been f e l t  a t  t h a t  p o s i t i o n .  F i g u r e s  6 and 
7 a r e  an i l l u s t r a t i o n  of  t h e  numer ica l  r e s u l t s .  Note t h a t  
d i r e c t i o n  and  t h e  nuaber o f  nodes i n -  
I 
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as t h e  s o l u t i o n  progTessed d o w n s t r e a m ,  t h e  v e l o c i t y  f i e l d  
spread  and t h e  r e q u i r e d  a d d i t i o n a l  nodes were added. 
Under  c e r t a i n  c o n d i t i o n s  t h e  s o l u t i o n  of p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  by f i n i t e  d i f f e r e n c e  approximat ions  
i s  s t a b l e  and any small e r r o r  ( s u c h  as round-off  e r r o r  o r  
small e r r o r s  i n  t h e  i n i t i a l  c o n d i t i o n s )  a t  some p o i n t  i n  t h e  
c a l c u l a t i o n  become srnPller as  t h e  numer i ca l  procedure ad- 
vances downstream. When i n s t a b i l i t y  e x i s t s  t h e s e  small  
e r r o r s  grow and cause completely unreasonable  r e s u l t s  ( f rom 
a p h y s i c a l  p o i n t  of  view).  A s t a b i l i t y  c r i t e r i o n  w i l l  now 
be e s t a b l i s h e d  us ing  Karplus '  e l - e c t r i c  ana logue  method (12). 
The r e s u l t i n g  c r i t e r i o n  w i l l  t h e n  be examined from a phys- 
i c a l  examinat ion  of  t h e  problem. 
Fol lowing  t h e  Karplus Method, w e  a r r a n g e  t h e  d i f -  
f e r e n c e  e q u a t i o n  as ,  
li ( & ,  r 7 t l  - + r n , M )  + ( e m , . - ,  - $ m  ,J 
where t h e  c o e f f i c i e n t  a i s  a p o s i t i v e  v a l u e .  
One of two c o n d i t i o n s  m u s t  be met t o  i n s u r e  s t a b i l i t y :  
(1) E i t h e r  a l l  c o e f f i c i e n t s  m u s t  be p o s i t i v e  
or  
( 2 )  If one of t h e  c o e f f i c i e n t s  i s  n e g a t i v e ,  t h e  sum 
of  a l l  t h e  c o e f f i c i e n t s  mus t  be n e g a t i v e .  
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On a r r a n g i n g  t h e  e q u a t i o n  for  Q i n  t h e  Karplus form, 
and because C i s  n e g a t i v e  ( a l l  t h e  terms forming M a r e  
p o s i t i v e )  t h e  second c o n d i t i o n  m u s t  be met a s  t h e r e  i s  one 
n e g a t i v e  c o e f f i c i e n t .  
On adding t h e  c o e f f i c i e n t  and app ly ing  t h e  c o n d i t i o n  of 
s t a b i l i t y  
If we examine t h e  d i f f e r e n c e  e q u a t i o n ,  we n o t e  t h a t  t h e  
c o e f f i c i e n t  o f  t h e  l a s t  terms mus t  be p o s i t i v e  t o  e x e r t  a 
p o s i t i v e  i n f l u e n c e  on t h e  downstream v e l o c i t y .  T h i s  i s  t h e  
same c o n d i t i o n  as above. 
Examinat ion of  9 and from a p h y s i c a l  con- 
s i d e r a t i o n  of t h e  problem shows t h a t  t h e  maximum v a l u e s  a r e ,  
i .  
t h e r e f o r e  from t h e  above e q u a t i o n  
M > L  
or  
For t h e  energy  e q u a t i o n  a similar r e s u l t  was o b t a i n e d  w i t h  a 
i n  p l a c e  o f  M of  t h e  momentum equa t ion .  
t e r i o n  t h e n  was 
The s t a b i l i t y  c r i -  
which i s  a more s t r i n g e n t  requirement  f o r  P r t  l ess  t h a n  one.  
I n  t h e  p r e s e n t  work, however, Pr t  was assumed equa l  t o  one. 
d i r e c t i o n  was s e t  by a t r i a l  
s i z e  was s e l e c t e d  and 
S t e p  s i z e  i n  t h e  9 
and e r r o r  procedure .  Tha t  is  a A q  
t h e  r e s u l t  t h e n  compared w i t h  a p rev ious  c a l c u l a t i o n  f o r  a 
d i f f e r e n t  s i z e o  Note t h a t  i n  t h e  p r e s e n t  method it  i s  not  
n e c e s s a r y  t o  assume t h e  l a t e r a l  component o f  v e l o c i t y ,  v ,  as 
n e g l i g i b l y  small., I n  f a c t  it may be c a l c u l a t e d  from t h e  
c o n t i n u i t y  e q u a t i o n  and t h e  d e f i n i t i o n  of  t h e  stream func-  
t i o n  once 8 and a re  known. 
To proceed i n  t h e  c a l c u l a t i o n ,  a form f o r  t h e  empi r -  
i c a l  eddy v i s c o s i t y  r a t i o  and a v a l u e  f o r  t h e  i n i t i a l  eddy 
v i s c o s i t y  m u s t  be de te rmined .  From P r a n d t l ' s  mixing l e n g t h  
t h e o r y  t h e  eddy v i s c o s i t y  i s  assumed c o n s t a n t  over  t h e  w i d t h  
of t h e  mixing r e g i o n  and t h e r e f o r e  independent  of  t h e  y 
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d i r e c t i o n  ( 2 4 ) .  I n  t h e  p r e s e n t  work, as a f i r s t  approxima- 
t i o n ,  a l i n e a r  r e l a t i o n  i n  x ( o n l y )  was used f o r  t h e  v i s -  
c o s i t y  r a t i o  a l t h o u g h  i t  was r e a l i z e d  t h a t  t h e  eddy v i s c o s i t y  
va r i e s  a c r o s s  t h e  shea r  l aye r  i n  t h e  pre-asymptot ic  r e g i o n .  
Perhaps t h e  more complex forms o f f e r e d  by e i t h e r  Nash ( 7 )  or  
Lamb (81 could  be u s e d  and compared w i t h  t h e  r e s u l t s  o b t a i n e d  
i n  t h i s  s t u d y .  The immediate o b j e c t i v e  here was t o  o b t a i n  
a r e a s o n a b l e  y e t  s i m p l e  model f o r  use i n  t h e  c a v i t y  a n a l y s i s  
and no t  t o  e x p l o r e  a l l  t h e  d e t a i l e d  p o i n t s  o f  two-stream 
mixing 
The l i n e a r  r e l a t i o n  was s e l e c t e d  as 
where 
w i t h  t h e  c o n d i t i o n s  
The l a t t e r  c o n d i t i o n  i n t r o d u c e s  a v i r t u a l  o r i g i n  which was 
d e f i n e d  by 'Kirk (5) f o r  t u r b u l e n t  f r e e  s h e a r  l a y e r s .  He 
p o s t u l a t e d  t h a t  
= 3 0 8  
X v i r t U h l  
By u s i n g  t h e  d e f i n i t i o n  of rnorcentum t h i c k n e s s  and a n power' 
law p r o f i l e  f o r  t h e  boundary l a y e r  (24), 
w e  may de te rmine  t h e  above form o f  xvirtua1- 
Consequent ly  t h e  fo l lowing  form f o r  eddy v i s c o s i t y  
r a t i o  was o b t a i n e d  
From v e l o c i t y  measurements made i n  t h e  s h e a r  r e g i o n  
of  t h e  c a v i t y  model i t  was e s t ima ted  t h a t  t h e  i n i t i a l  v a l u e  
f o r  t h e  e m p i r i c a l  paramete? would be of t h e  o r d e r *  
The d i f f e r e n c e  e q u a t i o n s  were programmed i n  F o r t r a n  I1 
f o r  t h e  U n i v e r s i t y  o f  I l l i n o i s  IBM 7094 d i g i t a l  computer.  
T h i s  was done i n  s u b r o u t i n e  form s o  t h a t  t h e  program could  
s u b s e q u e n t l y  be used as p a r t  o f  a complete  c a v i t y  f low and 
h e a t  t r ans fe r  a n a l y s i s .  P r o v i s i o n s  were rnade t o  a c c e p t  any 
i n i t i a l  v e l o c i t y  and tempera ture  p r o f i l e  i n  a p h y s i c a l  coor-  
d i n a t e  system and c o n v e r t  i n  t h e  program t o  t h e  
c o o r d i n a t e s ,  P r o f i l e s  could be p r i n t e d ,  o r  r e a d  i n t o  t h e  
- 
5 , ?+ 
main program a t  any c r o s s  s e c t i o n  i n  terms o f  a n  i n t r i n s i c  
--- 
*Using t h e  v i r t u a l  o r i g i n  e q u a t i o n  of K i rk  and d a t a  
p r e s e n t e d  i n  IIBasic Research  I n v e s t i g a t i o n  of Flow Mechanisms 
and Heat Transfer  i n  Sepa ra t ed  Flows, t1  Semi-Annual S t a t u s  
R e p o r t  SR-13 f o r  NASA N s G  13-59, December 20, 1966, a check 
c o u l d  b e  made on t h i s  e s t i m a t e .  I t  was found t h a t  t h e  v a l u e  
a t  x = 0 and t h e  l i n e z r  form adopted h e r e  were i n  good ag ree -  
ment w i t h  r e s u l t s  ob ta ined  from h o t  wire  measurements i n  t h e  
shear zone 
2 5  
e o o r d i n a t e  system. These p r o f i l e s  were conve r t ed  t o  t h e  
p h y s i c a l  sys tem of  c o o r d i n a t e s  by making a momentum and 
c o n t i n u i t y  ba l ance  a t  t h e  d e s i r e d  c r o s s  s e c t i o n .  I n  t h e  
p r e s e n t  c a s e  o f  t h e  c a v i t y ,  t h i s  was done a t  t h e  r ea t t achmen t  
l o c a t i o n  s o  t h a t  t h e  I I j l l  and Irdt1 s t reamlines  could be l o c a t e d .  
I n  F i g u r e  5, qj t h e  v e l o c i t y  a l o n g  t h e  s t r e a m l i n e  
enana t ing  from t h e  o r i g i n ,  i s  compared f o r  t h e  p r e s e n t  anal-  
y s i s  w i t h  a z e r o  boundary l a y e r  t h i c k n e s s  a t  t h e  o r i g i n  t o  
t h e  co r re spond ing  one f o r  t h e  f u l l y  developed p r o f i l e s  o f  
re fe rence  2.  
a maximum o f  a 3 pe r  c e n t  d i f f e r e n c e  i n  t h e  r a n g e  c a l c u l a t e d .  
T h i s  i n d i c a t e s  t h a t  t h e  d i f f e r e n c e  e q u a t i o n s  a t  l e a s t  c a l -  
c u l a t e  a v e l o c i t y  f i e l d  i n  t h e  f u l l y  developed r e g i o n  t h a t  
rnatches a n  accep ted  asymptot ic  s o l u t i o n .  
The two methods a g r e e  q u i t e  w e l l  showing o n l y  
The n e t  mechanica l  energy t r a n s f e r  i n  t h e  s h e a r  
r e g i o n  may now be c a l c u l a t e d  from 
where 
T h i s  i n t e g r a l  was e v a l u a t e d  numer i ca l ly  us ing  t h e  v e l o c i t y  
d i s t r i b u t i o n  a t  t h e  p o i n t  of r ea t t achmen t  from t h e  j e t  mix- 
i n g  a n a l y s i s  
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2. The Recompression Zone--Energy d i s s i p a t i o n  i n  re -  
_I -- -- 
a t tachment  r e g i o n s  has  n o t  been s t u d i e d  i n  g r e a t  d e t a i l  f o r  
f r e e  t u r b u l e n t  s h e a r  mixing. I t  appea r s  t h a t  t h e  s h a r p  edge 
a t  r ea t t achmen t  o f  a c i r c u l a r  c a v i t y  r e d u c e s  t h e  d i s s i p a t i o n  
of  r ea t t achmen t  t o  a n e g l i g i b l e  v a l u e  (1). 
3 .  xhe  C a v i t y  Wall BJundary Layer--Energy d i s s i p a t i o n  
a long  t h e  c a v i t y  wal l  was c a l c u l a t e d  by c o n s i d e r i n g  t h e  w a l l  
as a f l a t  p l a t e  s u b j e c t  t o  an l l ex t e rna l t l  i n c o m p r e s s i b l e  s h e a r  
f low.  The i n i t i a l  v e l o c i t y  p r o f i l e  was assurned t o  be  t h a t  
p a r t  o f  t h e  mixing v e l o c i t y  p r o f i l e  a t  r e a t t a c h m e n t  wnicn 
was below t h e  I’di1 s t r e a m l i n e .  
assuming t h a t  t h e  e x t e r n a l  shee r  f low re ta ins  i t s  p r o f i l e  
o u t s i d e  o f  t h e  boundary l a y e r  and t h a t  t h e  w a l l  v e l o c i t y  d i s -  
t r i b u t i o n  f o l l o w s  a n-power l a w  p r o f i l e  (13. 
D i s s i p a t i o n  i s  de termined  by 
A p p l i c a t i o n  of  t h e  momentum i n t e g r a l  method a long  t h e  
c a v i t y  w a l l  r e s u l t e d  i n  an o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n .  
I 
= 0.022s (p4 
L 
T h i s  was s o l v e d  numer i ca l ly  us ing  t h e  numer i ca l ly  c a l c u l a t e d  
mixing v e l o c i t y  p r o f i l e  a t  r ea t t achmen t  w i t h  t h e  i n i t i a l  
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c o n d i t i o n s ,  
and y i e l d i n g  t h e  d i s s i p a t i o n  i n  t h e  wal l  boundary l a y e r  as, 
where t h e  i n t e g r a l s ,  14, a r e  as p r e v i o u s l y  d e f i n e d .  
4. The Cavi ty  C x e  Ragion--The d i s s i p a t i o n  i n  t h e  c o r e  
r e g i o n  was s e t  equal  t o  zero as t h e  c a v i t y  shape cons ide red  
l e a d s  t o  a c o r e  f low p a t t e r n  resembl ing  a s o l i d  body r o t a -  
t i o n .  The mass which was bled i n t o  t h e  c a v i t y  was assumed 
t o  e n t e r  w i t h  z e r o  v e l o c i t y  a t  t h e  center  of  t h e  c o r e  r e g i o n .  
A s  t h e  v e l o c i t y  a t  t h e  c e n t e r  of t h e  c o r e  of a s o l i d  r o t a t -  
i n g  body i s  a l s o  z e r o ,  t h e r e  i s  no r e l a t i v e  v e l o c i t y  and 
t h e r e f o r e  no mechanical  energy d i s s i p a t i o n  t o  be cons ide red  
due t o  t h e  mass b l e e d o  
-- --- 
The energy  ba lance  has now been reduced t o  two terms. 
I n  s h o r t ,  t h e  n e t  mechanical energy  t r a n s f e r r e d  by t h e  mix- 
i n g  p r o c e s s  i s  equa l  t o  t h e  energy  d i s s i p a t i o n  a long  t h e  
c a v i t y  w a l l  
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I 5 z pa u, 1, 
The unknown wake v e l o c i t y ,  9~ , t h e  peak v e l o c i t y  
a t  t h e  c a v i t y  w a l l  a t  t h e  s e p a r a t i o n  p o i n t ,  serves  as t h e  
c a v i t y  r e fe rence  v e l o c i t y .  I t  is  cons ide red  as  t h e  l o c a l  
peak v e l o c i t y  i n  secondary  stream o f  t h e  two-stream a n a l y s i s  
and i s  a l s o  r e p r e s e n t a t i v e  of t h e  d i s s i p a t i o n  a long  t h e  wal l .  
T h i s  r e f e r e n c e  v e l o c i t y  t h u s  c h a r a c t e r i z e s  t h e  v e l o c i t y  f i e l d  
throughout  t h e  wake r e g i o n  and r e p r e s e n t s  t h e  secondary  
stream v e l o c i t y  i n  t h e  j e t  mixing a n a l y s i s .  I t  was used a s  
t h e  independent  v a r i a b l e  i n  s a t i s f y i n g .  t h e  mechanical  ene rgy  
ba lance .  F i g u r e  8 i s  an  example o f  t h e  r e s u l t s  of t h e  match- 
i n g  t e c h n q i u e  whereby % is  assumed and t h e  two mechanical  
energy  te rms  are  c a l c u l a t e d .  
The c a l c u l a t i o n  procedure f o r  t h e  ba l ance  was 
ach ieved  as f o l l o w s  f o r  a g iven  c a v i t y  geometry and f r e e  
stream c o n d i t i o n s :  
(1) assume a va lue  f o r  q b  
( 2 )  c a l c u l a t e  t h e  mix ing  s o l u t i o n  by u s i n g  f o r  i n i t i a l  
c o n d i t i o n s ,  
a .  t h e  f r e e  stream v e l o c i t y  p r o f i l e  a t  t h e  p o i n t  
o f  s e p a r a t i o n .  T h i s  may be a c a l c u l a t e d  or  an 
e x p e r i m e n t a l l y  measured p r o f i l e .  
b o  an n-power law v e l o c i t y  p r o f i l e  r e p r e s e n t a t i o n  
f o r  t h e  secondary stream based on c# )~  and 1, 
a t  t h e  p o i n t  of conf luence .  
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c .  a secondary s t ream t empera tu re  p r o f i l e  a t  t h e  
p o i n t  of conf luence  ( d e s c r i b e d  i n  t h e  sup-  
s e c t i o n  on c a v i t y  w a l l  h e a t  t r a n s f e r ) .  
( 3 )  c a l c u l a t e  t h e  d i s s i p a t i o n  a long  t h e  c a v i t y  wal l  a s  
t h a t  of a boundary l a y e r  i n  a s h e a r  f low on a f l a t  
p l a t e ,  E J + ~ .  
i s  t h e  t e r m i n a l  v e l o c i t y  p r o f i l e  of  t h e  mixing 
s o l u t i o n  a t  t h e  po in t  of r e a t t a c h m e n t .  
c a l c u l a t e  ne t  energy t r a n s f e r r e d ,  ET. 
- 
The i n i t i a l  shea r  v e l o c i t y  p r o f i l e  
- 
(43 
(5) compare i? and E If t h e  e n e r g i e s  a r e  not  DBL T 
balanced ,  change the  secondary i n i t i a l  v e l o c i t y  
and tempera ture  p r o f i l e s  based o n  t h e  new @b 
Retu rn  t o  t h e  f i r s t  s t e p  i n  t h e  procedure  and 
con t inue  u n t i l  a ba lance  i s  achieved .  F i g u r e  8 
i s  a g r a p h i c a l  example o f  t h e  numer i ca l  i t e r a t i o n  
performed by t h e  d i g i t a l  computer.  
A f t e r  t h e  ba l ance  has been achieved ,  complete  informa- 
t i o n  i s  a v a i l a b l e  on t h e  v e l o c i t y  f i e l d  of t h e  c a v i t y .  These 
r e s u l t s  a r e  t h e n  used i n  a thermodynamic ba lance  t o  c a l c u l a t e  
t h e  convec t ive  energy  t r a n s f e r s .  
I n  F i g u r e  3 9  t h e  c a v i t y  r e f e r e n c e  v e l o c i t y ,  qb , i s  
shown a s  a f u n c t i o n  of t h e  r a t i o  of c a v i t y  w a l l  l e n g t h  t o  
m i x i n g  l e n g t h  w i t h  d a t a  d u e  t o  Gol ik .  The curve was c a l -  
c u l a t e d  w i t h  t h e  p r e s e n t  a n a l y s i s  u s i n g  a c a l c u l a t e d  and 
e x p e r i m e n t a l l y  compared n-power law i n i t i a l  v e l o c i t y  p r o f i l e  
of t h e  pr imary s t r e a m  based on t h e  c a v i t y  l e a d i n g  p l a t e  
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l e n g t h  r e p o r t e d  by Golik ( see  F i g u r e  10). The d a t a  show 
g e n e r a l  agreement i n  t h e  t r e n d  and g i v e  c redu lence  t o  t h e  
p r e s e n t  method of a n a l y s i s ,  There  cannot  be a complete  com- 
p a r i s o n  as Gol ik  d i d  not  s p e c i f i c a l l y  r e p o r t  t h e  i n i t i a l  
boundary l a y e r  t h i c k n e s s  f o r  h i s  c i r c u l a r  c a v i t y .  A bound- 
a r y  l a y e r  t r i p  was used by h im t o  i n s u r e  a t u r b u l e n t  bound- 
a r y  l a y e r .  The re fo re ,  it i s  r e a s o n a b l e  t o  expec t  t h a t  h i s  
e x p e r i m e n t a l  boundary l a y e r  t h i c k n e s s  would be  l a r g e r  t h a n  
t h a t  c a l c u l a t e d  from a n  n-power law. A s  shown i n  r e f e r -  
ence 1 f o r  t h e  s i m i l a r i t y  a n a l y s i s ,  qjL d e c r e a s e s  w i t h  
i n c r e a s i n g  i n i t i a l  boundary l a y e r  t h i c k n e s s .  Th i s  would 
seem t o  i n d i c a t e  t h e  r e a s o n  f o r  t h e  g e n e r a l  s h i f t  i n  t h e  
d a t a  as compared t o  t h e  a n a l y s i s .  
B o  Heat Transfer  Model -
A s  was t h e  case f o r  t h e  d i s s i p a t i v e  model, t h e r e  i s  
no pub l i shed  comprehensive a n a l y s i s  of h e a t  t r a n s f e r  i n  a 
c a v i t y  w i t h  mass b leed  and non- i so thermal  w a l l s .  Kors t  (1) 
and Miles (4) have developed a s i m p l i f i e d  a n a l y t i c a l  model 
f o r  h e a t  t ransfer  t o  and a c r o s s  c a v i t i e s  on t h e  b a s i s  of 
f i n i t e  wake v e l o c i t i e s  r e s u l t i n g  from t h e  d i s s i p a t i v e  flow 
model developed by Golik (310 A summary of some of t h e  
e x p e r i m e n t a l  work pubJished (14-18) i s  g iven  below fo l lowed 
by a p r e s e n t a t i o n  of t h e  heat  t ransfer  model us ing  a systems 
a n a l y s i s  similar t o  the  method used f o r  t h e  d i s s i p a t i v e  
model,  
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Larson (14) conducted an expe r imen ta l  program w i t h  
an axisymmetr ic  model. I n  t h e  laminar regime t h e  r e s u l t s  
a p p a r e n t l y  agreed  w e l l  w i t h  t h e  laminar mixing l a y e r  anal,- 
y s i s  of Chapman (15). However, he found l a r g e  d isagreement  
w i t h  Chapman's p r e d i c t i o n s  f o r  t h e  t u r b u l e n t  regime. T h i s  
was e v i d e n t l y  due  t o  t h e  assumption t h a t  t h e  c a v i t y  b u l k  
t e m p e r a t u r e  was e q u a l  t o  t h e  w a l l  t empera tu re .  The bu lk  
t empera tu re  was measured f o r  t h e  t u r b u l e n t  c a s e  and found 
i n  f a c t  no t  t o  be e q u a l  t o  t h e  wal l  t empera tu re .  The aver- 
age measured h e a t  t r a n s f e r  c o e f f i c i e n t s  were p r o p o r t i o n a l  
t o  t h e  l e n g t h  3eynolds  number r a i s e d  t o  t h e  -0.5 power f o r  
laminar f low and t h e  -0.4 power f o r  t u r b u l e n t  flow., 
Charwat (16) r e p o r t e d  l o c a l  h e a t  t ransfer  f o r  rec-  
t a n g u l a r  c a v i t i e s .  These exper iments  tended  t o  conf i rm 
L a r s o n ' s  r e s u l t s  w i t h  r e s p e c t  t o  t h e  Reynolds number. The 
r e p o r t  d e s c r i b e d  t h e  complex m u l t i p l e  v o r t i c e s  o f  a r e c -  
t a n g u l a r  c a v i t y ,  Also  i t  was no ted ,  by exper iment ,  t h a t  
t h e  i n i t i a l  boundary l a y e r  t empera tu re  h i s t o r y  does  bea r  
some i n f l u e n c e  on t h e  hePt t ransfer  i n  t h e  c a v i t y .  
Fox ( 1 7 )  made expe r imen ta l  measurements f o r  rec-  
t a n g u l a r  c a v i t i e s  w i t h  l e n g t h  r a t i o s ,  e / h  r ang ing  f rom Q 
t o  l$* 
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He found t h a t  t h e  h e a t  t r a n s f e r  c o e f f i c i e n t s  were propor-  
t i o n a l  t o  t h e  l e n g t h  Reynolds r a i s e d  t o  t h e  -0.2 power for 
t u r b u l e n t  boundary l a y e r s .  Seban ( 1 8 )  w i n e  t h e  same f a c i l i -  
t i e s  as Fox r e p o r t e d  neasurements f o r  t h e  r e c t a n g u l a r  c a v i t y  
w i t h  l e n g t h  r a t i o s  ove r  t h e  r a n g e  o f  2 t o  5. 
S.  M. bogdonoff (11) at P r i n c e t o n  U n i v e r s i t y ' s  Gas 
Dynamics Labora tory  has  conducted t e s t s  i n  t h e  hype r son ic  
regime w i t h  iaminar f low over axisymmetr ic  c a v i t i e s  w i t h  
mass b leed  used f o r  c o o l i n g .  The a r t i c l e  c o n t a i n e d  no ana l -  
y s i s  o r  complete  d a t a  b u t  claimed t h a t  t h e  h e a t  t ransfer  
r a t e  t o  t h e  body could  be reduced t o  z e r o  w i t h  t h e  proper  
amount of b l e e d  (depending on t h e  c a v i t y  s h a p e ) .  Work was 
done i n v e s t i p a t i n g  t h e  i n f l u e n c e  of t h e  r ea t t achmen t  shou lde r  
geometry not  o n l y  on t h e  c a v i t y  h e a t  t r a n s f e r  b u t  a l s o  on t h a t  
h e a t  t r a n s f e r  o c c u r r i n p  on t h e  s u r f a c e  downstreFm of t h e  
c a v i t y .  
Mi les  i n  h i s  a n a l y s i s  (4) assumes t h a t  t h e  h e a t  t rans-  
f e r r e d  from t h e  c o n s t a n t  tempera ture  c a v i t y  w a l l  i n t o  t h e  
t h e r m a l  boundary l a y e r  i s  r e l e a s e d  as a l i n e  s o u r c e  a t  t h e  
p o i n t  o f  conf luence  ( s e p a r a t i o n  p o i n t  of  t h e  e x t e r n a l  stream, 
S i n  f i g u r e  4), t h e  p o i n t  of o r i g i n  o f  t h e  j e t  mixinge To 
nake t h e  p o i n t  of  t h e  s o u r c e  c o i n c i d e  w i t h  t h e  o r i g i n  of  t h e  
j e t  mixing it was necessa ry  t o  assume z e r o  i n i t i a l  boundary 
l a y e r  t h i c k n e s s  i n  t h e  primary and secondary  streams o f  t h e  
mixing p r o c e s s .  Mass b leed  i n t o  t h e  c a v i t y  was no t  con- 
s i d e r  ed - 
i .  
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Energy of t h e  l i n e  source  was cons ide red  d i f f u s e d  
i n  t h e  mixing r e g i o n  and t h e  t empera tu re  p r u f i l e  due t o  t h e  
sou rce  was ob ta ined  from a s o l u t i o n  of  t h e  energy e q u a t i o n  
which assumed similar s o l u t i o n s .  
t h u s  ob ta ined  was superposed t o  t h e  t empera tu re  p r o f i l e  
e s t a b l i s h e d  by j e t  mix ing  t o  o b t a i n  t h e  t o t a l  t empera tu re  
p r o f i l e .  The l o c a l  wal l  hea t  t r a n s f e r  was determined from 
Reynolds analogy f o r  a f l a t  p l a t e  u s ing  t h e  v e l o c i t y  pro-  
f i l e s  from G o l i k ' s  d i s s i p a t i v e  model. T o t a l  h e a t  t r a n s f e r  
was c a l c u l a t e d  from a numerical  i n t e g r a t i o n  of t h e  l o c a l  
h e a t  f l u x  (1). 
The t empera tu re  p r o f i l e  
The p resen t  a n a l y s i s  was made f o r  non- i so thermal  
c a v i t y  w a l l s  w i t h  mass bleed i n  t h e  c a v i t y  c o r e  r e g i o n .  The 
d i s s i p a t i v e  model d e s c r i b e d  i n  t h e  p rev ious  s e c t i o n  was used 
t o  e s t a b l i s h  t h e  f i n i t e  wake v e l o c i t y  p r o f i l e s .  By u s i n g  
t h e  numer ica l  s o l u t i o n  t o  t h e  j e t  mix ing  r e g i o n  i t  i s  now 
p o s s i b l e  t o  account  f o r  f i n i t e  boundary l a y e r s  i n  e i t h e r  
s t r e a m  a t  t h e  p o i n t  o f  s e p a r a t i o n .  It i s  a l s o  no t  necessa ry  
t o  assume a s i m i l a r  s o l u t i o n  f o r  t h e  t empera tu re  p r o f i l e s  
i n  t h e  s h e e r  zone a s  t empera tu res  were a l s o  c a l c u l a t e d  
th rough  t h e  m i x i n g  r e g i o n  i n  t h e  numer ica l  s o l u t i o n .  
A systems energy ba lance  was made f o r  t h e  c a v i t y  
u s i n g  t h e  same assumptions of  f low c o n d i t i o n s  and geometry 
t h a t  were used f o r  t h e  d i s s i p a t i v e  model. The system bound- 
a r i e s  f o r  t h e  hea t  t r a n s f e r  model a r e  shown i n  f i g u r e  4 w i t h  
t h e  i n d i v i d u a l  terms i d e n t i f i e d .  These boundar ies  a r e  t h e  
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same a s  t h o s e  of t h e  d i s s i p a t i v e  model. A l l  h ea t  added t o  
t h e  system was c o m i d e r e d  p o s i t i v e  a s  i s  t h e  usua l  thermo- 
dynamic convent i o n .  
The energy ba lance  y i e l d s  an e q u a t i o n  of t h e  form, 
The energy components a r e :  
(1) Qw, t h e  h e a t  t r a n s f e r  from t h e  c a v i t y  w a l l  i r t o  
t h e  wa l l  t he rma l  boundary l a y e r .  
( 2 )  Qg, t h e  h e a t  d i f f u s e d  t o  t h e  f r e e  s t r e a m  ( o u t s i d e  
of s t r e a m l i n e  Iljll) from t h e  t o t a l  QW r e l e a s e d  a t  
t h e  p o i n t  of confluence due t o  t h e  w a l l  boundary 
l a y e r .  
( 3 )  Q m ,  t h e  h e a t  t r a n s f e r r e d  across  t h e  s t r e a m l i n e  Iljll 
i n  t h e  mixing  r e g i o n .  
(4) CpTosGs,  t h e  energy  added t o  t h e  system due t o  mass 
b leed  a t  a tempera ture  T o s .  
( 5 )  W m ,  t h e  shea r  work t r a n s f e r r e d  a c r o s s  t h e  s t r e a m l i n e  
l l j t l  i n  t h e  mixing r eg ion .  
( 6 )  The energy  l e a v i n g  betwezn t h e  Iljll and Irdt l  s t ream-  
l i n e s  due t o  mass a d d i t i o n .  
The energy  t e rms  i n  t h e  mixing r e g i o n  may be w r i t t e n  i n  
t e rms  of t empera tu re  as ,  
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a l s o  n o t i n g  t h a t  t h e  i n t e g r a l  may be r e w r i t t e n ,  
and t h a t  on t h e  basis of c o n s e r v a t i o n  o f  mass, 
one t h e n  may s o l v e  f o r  t h e  w a l l  heat t r a n s f e r  te rm and 
o b t a i n ,  
which may be normalized a s ,  
where t ~ =  v / A 0  i s  t h e  t r a n s v e r s e  dimension i n  t h e  
mixing r e g i o n  normalized by t h e  i n i t i a l  boundary l a y e r  
t h i c k n e s s  o f  t h e  pr imary o r  f r e e  s t ream.  
i b l e  w i t h  t h e  v a r i a b l e  def ined  i n  t h e  two-stream numerical 
so  1 u t  i o n .  
Th i s  i s  compat- 
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The e q u a t i o n  i s  now i n  a form similar t o  t h e  mechan- 
i c a l  energy  e q u a t i o n .  That  i s  t h e  wal l  h e a t  t r a n s f e r  
(mechanical  energy  w a l l  d i s s i p a t i o n )  i s  equal t o  t h e  n e t  
h e a t  t r a n s f e r r e d  from t h e  c a v i t y  ( n e t  mechanical  energy 
t r a n s f e r r e d )  minus t h e  e f f l u x  of  energy  due t o  mass b leed  
( e f f l u x  oi' mechanical energy) .  
a l l y  determined i n  t h e  fo l lowing .  
Each t e rm w i l l  be a n a l y t i c -  
1. ------I_--- Wall Heat T r a n s f e r - - I n  c o n s i d e r i n p  t h e  w a l l  hea t  
t r a n s f e r ,  i t  i s  apparent  t h a t  t h e  i n i t i a l  c o n d i t i o n s  a t  t h e  
p o i n t  of' r ea t t achmen t  of t h e  j e t  mixing r e g i o n  are non- 
uniform i n  b o t h  v e l o c i t y  and t empera tu re .  T h i s  s i t u a t i o n  
i s  due t o  t h e  f a c t  t h a t  t h e s e  v e l o c i t y  and t e m p e r a t u r e  pro- 
f i l e s  a r e  i d e n t i c a l  w i t h  t h e  lower (Le.) 9 < 94 ) p o r t i o n  of 
t h e  mixing p r o f i l e s  a t  r ea t t achmen t ,  which i s  t h e  beginning 
of t h e  c a v i t y  wal l  f low regime.  The v e l o c i t y  p r o f i l e  was 
t a k e n  i n t o  account  i n  de t e rmin ing  t h e  wal l  mechanical  energy 
d i s s i p a t i o n  and was a l s o  used i n  a s imilar  manner i n  d e t e r -  
mining t h e  w a l l  hea t  t r a n s f e r .  The w a l l  h e a t  t ransfer  w i t h  
an  a r b i t r a r y  t empera tu re  d i s t r i b u t i o n  was assumed similar t o  
h e a t  t r a n s f e r  from a f l a t  p l a t e  w i t h  t h e  same t e m p e r a t u r e  
d i s t r  i b u t  i o n o  
A survey  was made o f  work pub l i shed  on f l a t  p l a t e  
h e a t  t ransfer  t o  an incompress ib l e  boundary l a y e r  b u t  t h e  
case o f  i n t e r e s t  he re  was not r e p o r t e d ,  I t  was f e l t  t h a t  
as a f i r s t  approximat ion  a r e l i a b l e  method of c a l c u l a t i n g  
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h e a t  t ransfer  from a non-isothermal  p l a t e  would be s e l e c t e d  
from t h e  l i t e r a t u r e  and t h a t  t h i s  method would be modif ied 
t o  account  f o r  t h e  non-uniform i n i t i a l  c o n d i t i o n s  i n  a 
manner s i m i l a r  t o  t h e  w a l l  d i s s i p a t i o n .  The r e s u l t a n t  equa- 
t i o n ,  of  c o u r s e ,  would be s u b j e c t  t o  expe r imen ta l  v e r i f i c a -  
t i o n .  
There are s e v e r a l  g e n e r a l  survey  a r t i c l e s  on f l a t  
p l a t e  h e a t  t r a n s f e r  of  which Nickerson (19) and K i s t e n  ( 2 0 )  
are  examples.  The g e n e r a l  boundary layer  equa t ions  were 
developed and a d i s c u s s i o n  o f  s e v e r a l  methods o f  s o l u t i o n  
and t h e i r  l i m i t a t i o n s  were made i n c l u d i n g  a p r e s e n t a t i o n  
of e q u a t i o n s  f o r  v a r i a b l e  w a l l  t empera tu re .  
Spa ld ing  (21) p r e s e n t s  an e x a c t  s o l u t i o n  of t h e  
p a r t i a l  d i f f e r e n t i a l  equa t ions  f o r  t h e  c a s e  of a s t e p  d i s -  
c o n t i n u i t y  i n  wal l  t empera tu re .  The s o l u t i o n  depends on 
h i s  u n i q u e  s i n g l e  formula for  t h e  l a w  of t h e  wal l  ( 2 2 ) .  
I t  i s  a complex s o l u t i o n  when compared t o  t h e  semi -empi r i ca l  
r e s u l t s  of o t h e r  i n v e s t i g a t o r s  and no t  ea sy  t o  use i n  a 
s u p e r p o s i t i o n  t echn ique  t o  determine l o c a l  w a l l  f l u x  f o r  
non-uniform wal l  t empera tu res ,  
H a r t n e t t  e t  a l l  ( 2 3 )  survey  t h e  methods s p e c i f i c -  
a l l y  d e r i v e d  f o r  non-uniform t e m p e r a t u r e s  and conclude t h a t  
t h e  a n a l y s e s  a r e  d i f f i c u l t  t o  app ly  f o r  comple te ly  a r b i -  
t r a r y  wa l l  t empera tu re  d i s t r i b u t i o n .  
t h e  r e s u l t a n t  equa t ions  a n d  p r e s e n t  an approximate fo rm 
t h a t  may be r e a d i l y  used on e n g i n e e r i n g  problems. S e v e r a l  
The a u t h o r s  s i m p l i f y  
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examples were worked o u t .  
Reyno lds  (13) a t  about t h e  same time as H a r t n e t t  
publ i shed  h i s  t h e s i s  on a semi-empir ica l  method of  t r e a t i n g  
non-uniform wal l  tempera tures .  The method i s  e a s y  t o  use, 
h i s  d e s c r i p t i o n  i s  complete ,  and an experiment  was des igned  
and performed v e r i f y i n g  h i s  r e s u l t s .  These e q u a t i o n s  f o r  
l o c a l  hea t  f l u x  were modif ied and used t o  c a l c u l a t e  l o c a l  
and t o t a l  h e a t  f l u x  from t h e  c a v i t y  w a l l  f o r  non- i so thermal  
walls.  Fol lowing i s  a b r i e f  d e s c r i p t i o n  o f  t h e  ana lys i s :  
The i n v e s t i g a t i o n  was done i n  t h r e e  p a r t s :  
(1) f l a t  p l a t e  w i t h  cons t an t  t e m p e r a t u r e s  
An approximat ion  o f  t h e  von Karman analogy w i t h  
t h e  Schultz-Grunow f r i c t i o n  formula f o r  use i n  
t h e  l o c a l  Reynolds Number r ange  o f  lo5 t o  lo7 
was s e l e c t e d  a f t e r  a review of t h e  c o n s t a n t  
t empera tu re  c a s e .  
The t empera tu re  r a t i o  i s  a c o r r e c t i o n  te rm which 
a l lows  t h e  f l u i d  p r o p e r t i e s  t o  be c a l c u l a t e d  a t  
f r e e  s t r eam t empera tu re .  T h i s  c o r r e c t i o n  i s  o n l y  
impor t an t  i f  t h e  wal l  t empera tu re  i s  c o n s i d e r a b l y  
d i f f e r e n t  t h a n  t h e  f r e e  s t r e a m  t empera tu re .  Note 
t h a t  i n  t h e  p re sen t  c a s e  t h e  f r e e  s t ream v e l o c i t y  
i n  t h e  Reynolds number w i l l  v a r y  a long  t h e  l e n g t h  
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o f  a p l a t e  r e p r e s e n t i n g  t h e  c a v i t y  wall. due  t o  
t h e  i n i t i a l  s h e a r  f low p r o f i l e .  
( 2 )  f l a t  p l a t e  w i t h  a s t e p  t e m p e r a t u r e  change 
An akproximate  s o l u t i o n  was o b t a i n e d  f o r  hePt  
t r ans fe r  f o r  a s t e p  change 
where ,I i s  t h e  l o c a t i o n  of t h e  s t e p  from t h e  
l e a d i n g  edge of  t h e  p l a t e .  T h i s  was compared t o  
s o l u t i o n s  a v a i l a b l e  i n  t h e  l i t e r a t u r e  and found 
r e a s o n a b l e .  It, a l so  ap reed  we l l  w i t h  d a t a  ob ta ined  
by 2eynolds .  
( 3 )  f l a t  p l a t e  w i t h  v a r i a b l e  w a l l  t e m p e r a t u r e  
For t h e  v a r i a b l e  t empera tu re  case ,  one nay noit' 
superimpose a n  i n f i n i t e  number o f  s m a l l  s t e p s  
us ing  t h e  s t e p  change r e s u l t .  T h i s  r e s u l t e d  i n  
t h e  f o l l o w i n g  e x p r e s s i o n  
where 
The above i n t e g r a l  i s  not  t h e  o r d i n a r y  3iemann 
o r  area t y p e  of i n t e g r a l ,  b u t  r a t h e r  a S t i e l t j e s  
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I 
i n t e g r a l  as t h e  p r e s c r i b e d  wal l  t empera tu re  c a n  
have d i s c o n t i n u i t i e s  so t h a t  t h e  d e r i v a t i v e s  a r e  
undefined a t  t h e s e  p o i n t s .  
To enab le  e v a l u a t i o n  of  t h e  i n t e g r a l ,  it may 
be expressed i n  terms of a Riemann i n t e g r a l  and 
a s e r i e s  which accounts  f o r  t h e  f i n i t e  d i s c o n -  
t i n u i t i e s .  
where Tw ( R +  n ) - Tw ( I n - )  i s  t h e  t empera tu re  change 
a c r o s s  t h e  nth d i s c o n t i n u i t y  l o c a t e d  a t  l n .  
On examining t h e  e q u a t i o n  f o r  h ( s ; x ) ,  i t  i s  
apparent  t h a t  f o r  a l l  bu t  t h e  s i m p l e s t  c a s e s  t h e  
i n t e g r a l  cannot be so lved  i n  c losed  form and t h a t  
each  c a s e  wou ld  r e q u i r e  i t s  own p a r t i c u l a r  numer- 
i c a l  i n t e g r a t i o n  t o  de te rmine  t h e  l o c a l  hea t  t r a n s -  
f e r  r a t e .  The numer ica l  r e s u l t  would t h e n  have t o  
be i n t e g r a t e d  aga in  t o  o b t a i n  t h e  t o t a l  hea t  trans- 
f e r r e d  from t h e  c a v i t y  w a l l .  
Fol lowing H a r t n e t t  ( 2 3 )  and o t h e r s ,  Reynolds 
proposed r e p r e s e n t i n g  t h e  v a r i a b l e  wal l  tempera ture  
by a f i n i t e  number o f  ramps. The resu l t s  f o r  a 
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g e n e r a l  ramp may be ob ta ined  from t h e  above 
eq uat i o n .  
A g e n e r a l  t empera ture  p r o f i l e  f o r  a ramp s t a r t -  
i ng  a t  any l o c a t i o n ,  a ,  on t h e  p l a t e ,  i s  
A T =  0 ) X < O  
A T =  m(X-ol ) )  x > a  
t h e n  t h e  hea t  r a t e  i s  
t r ans fo rming  t h e  v a r i a b l e  by s e t t i n g  
t h e  fo l lowing  i s  obta ined  
where t h e  i n t e g r a l  may be recognized  a s  t h e  
Incomplete  Beta Funct ion .  Th i s  f u n c t i o n  has  
been t a b u l a t e d  f o r  v a r i o u s  p a r a m e t r i c  values of 
exponents ,  The f u n c t i o n  needed a t  p r e s e n t  i s  
p l o t t e d  i n  f i g u r e  10 w i t h  a t a b l e  o f  t h e  v a l u e s  
used f o r  t h e  p l o t ,  
Any v a r i a b l e  t empera tu re  d i s t r i b u t i o n  may 
be approximated by 
N J 
where An = l o c a t i o n  of nth ramp d i v i d e d  by a 
Mn = s l o p e  o f  nth ramp normalized w i t h  
r e f e r e n c e  l e n g t h  
a r e f e r e n c e  l e n g t h  and t h e  r e f e r e n c e  
f r e e  s t ream t empera tu re .  
B .  = j t h  s t e p  change i n  t empera tu re  
normalized by r e f e r e n c e  f r e e  s t r eam 
tempera ture .  
Note t h a t  t h e  ramps and s t e p s  are on ly  t o  be e f f e c -  
t i v e  from t h e  p o i n t s  of  o r i g i n  downstream. The 




Lj = l o c a t i o n  of t h e  j t h  s t e p  d iv ided  
by a r e f e r e n c e  l e n g t h .  
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These equa t ions  were modif ied f o r  t h e  non-uniform 
c o n d i t i o n s  e x i s t i n g  a t  t h e  beginning of t h e  c a v i t y  wal l  a t  
c a v i t y  r ea t t achmen t  and i n t e g r a t e d  over t h e  l e n g t h  of t h e  
c a v i t y  w a l l  t o  o b t a i n  t h e  t o t a l  hea t  t r a n s f e r r e d  t o  t h e  
wall t h e r m a l  boundary l a y e r ,  2w. 
I n  t h e  same sense  as  t h e  d i s s i p a t i o n  a n a l y s i s  of 
t h e  w a l l  boundary l a y e r  provided a secondary s t r eam boundary 
l a y e r  p r o f i l e  forming t h e  i n i t i a l  v e l o c i t y  d i s t r i b u t i o n  f o r  
t h e  two-stream mixing a n a l y s i s ,  so does now +,he h e a t  t r a n s f e r  
c a l c u l a t i o n  provide  t h e  i n i t i a l  t empera tu re  p r o f i l e  f o r  t h e  
secondary s t ream.  The tempera ture  p r o f i l e  should t h u s  be 
c a l c u l a b l e  a long  t h e  w a l l ,  e s p e c i a l l y  a t  t h e  end of t h e  w a l l .  
A s  was po in ted  ou t  i n  r e f e r e n c e  (131, t h e  p r o f i l e  w i l l  be 
dependent  on t h e  w a l l  t empera ture  h i s t o r y  i . e . ,  t h e  f i n a l  
p r o f i l e  w i l l  be dependent on how t h e  t empera tu re  var ies  along 
t h e  l e n g t h  of t h e  wal l .  
Reynolds p r e s e n t s  no estimate of  l o c a l  t empera tu re  
p r o f i l e s  on a f l a t  p l a t e  f o r  a r b i t r a r y  w a l l  t empera ture  and 
i n  a l i t e r a t u r e  s e a r c h  no s a t i s f a c t o r y  method was found of 
p r e d i c t i n g  t h e  shape o f  t h e  t empera tu re  boundary l a y e r  f o r  
t h i s  g e n e r a l  case .  The re fo re ,  as a f i r s t  approximation,  i n  
t h e  p r e s e n t  a n a l y s i s  it was assumed t h a t  t h e  Turbulent  
P r a n d t l  Number was one and t h a t  t h e  t empera tu re  boundary 
l a y e r  obeyed a power law similar t o  t h e  v e l o c i t y  boundary 
l a y e r ,  
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O u t s i d e  t h e  boundary l a y e r ,  t h e  i n i t i a l  t empera tu re  p r o f i l e  
from t h e  mixing s o l u t i o n  was r e t a i n e d .  
* 
Reynolds (13) shows expe r imen ta l ly  t h a t  f o r  uniform 
i n i t i a l  c o n d i t i o n s  t h e  power l a w  r e p r e s e n t a t i o n  i s  a good 
approximation f o r  c o n s t a n t  w a l l  t empera tu re  and f o r  a f i n i t e  
number of  s t e p  changes w a l l  t empera ture  except  i n  t h e  irnmedi- 
a t e  v i c i n i t y  of t h e  s t e p ,  For comple te ly  a r b i t r a r y  w a l l  
t empera tu re ,  t h i s  i s  a weak approximat ion .  Because of t h i s  
l i m i t a t i o n  d a t a  t o  confirm t h e  a n a l y t i c a l  r e s u l t s  were t a k e n  
o n l y  f o r  c o n s t a n t  w a l l  t empera ture  and s t e p  changes.  
The e q u a t i o n  f o r  l o c a l  t empera tu re  r a t i o  i s  now 
w r i t  t e n ,  
J- 
where 5 
l a y e r  and now An and Bn must  a l s o  t a k e  i n t o  account  t h e  
i n i t i a l  v a r i a b l e  tempera ture  p r o f i l e  e f f e c t  a t  t h e  edge of 
t h e  boundary l a y e r  when approximating A T ( X )  by t h e  ramps  
i s  t h e  tempera ture  a t  t h e  edge of  t h e  boundary 
and s t e p s .  T h i s  means t h a t  t h e  l o c a l  t empera tu re  p r o f i l e  
m u s t  a l s o  be known t o  de te rmine  A T ( x )  For t h e  l i m i t e d  
c a s e s  h e r e ,  c o n s t a n t  tempera ture  and s t e p  changes,  t h e  above 
- - 
%bile a p p a r e n t l y  r easonab le  f o r  c a s e s  where f r i c -  
t i o n  and the rma l  boundary l a y e r  a r e  of n e a r l y  t h e  same t h i c k -  
n e s s ,  t h i s  concept  should be re-examined f o r  much more g e n e r a l -  
i z e d  c a s e s  such  as produced by s t e p  changes i n  w a l l  tempera-  
t u r e .  Indeed ,  n e g l e c t  of  t h i s  p o i n t  r e s u l t s  i n  d i s c o n t i n u i t i e s  
f o r  l o c a l  h e a t  t r a n s f e r  c o e f f i c i e n t s  near s t e p  changes i n  w a l l  
t e m p e r a t u r e  ( e . g . ,  s e e  f i g u r e s  19, 20 ,  and 2 1 ) .  
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power law was used. Note t h a t  t h e  ramps and s t e p s  a r e  
e f f e c t i v e  on ly  from t h e  s t a r t i n g  p o i n t s  and downstream. 
The l o c a l  hea t  f l u x  was w r i t t e n ,  
j - i  J 
where mixing l e n g t h  i s  t h e  r e f e r e n c e  l e n g t h  i n  An and Mn 
and t h e  ave rage  c a v i t y  b u l k  t empera tu re  i s  t h e  r e f e r e n c e  
t empera tu re  i n  Bj and Mn. 
S t a n t o n  Number us ing  an  average w a l l  t empera tu re  a s ,  
One may t h e n  d e f i n e  a n  Average 
T o t a l  w a l l  h e a t  t r a n s f e r  i s  t h e  i n t e g r a l  of t h e  l o c a l  f l u x  
over  t h e  p l a t e  l e n g t h  which i s  w r i t t e n  
Average w a l l  t empera tu re  term f o r  t h e  S t a n t o n  Number was 
d e f i n e d ,  
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The second h a l f  of t h e  i n t eg ra l  i s  e v a l u a t e d  from t h e  known 
i n i t i a l  t empera tu re  d i s t r i b u t i o n  and t h e  l o c a l  power l a w  
pr  of  i l e .  
On s u b s t i t u t i o n  f o r  t h e  l o c a l  t empera tu re  and com- 
p l e t i o n  of  t h e  i n t e g r a t i o n ,  t h e  f i r s t  p a r t  of t h e  i n t e g r a l  
may be w r i t t e n  
A s  t h e  l o c a l  v e l o c i t y  a t  t h e  edge of  t h e  boundary l a y e r  
i s  only  a v a i l a b l e  numer ica l ly ,  n e i t h e r  term i n  t h e  e q u a t i o n  
f o r  t h e  l o c a l  f l u x  may be i n t e g r a t e d  i n  c losed  form. There-  
, 
f o r e ,  t h e  t o t a l  hea t  f l u x  was determined by a numer ica l  i n -  
t e g r a t i o n  of  t h e  two f i n i t e  s e r i e s .  
The f i n a l  e q u a t i o n  for  t h e  Average S t a n t o n  Number 
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T h i s  equa t ion  was programmed f o r  numer ica l  i n t e g r a -  
t i o n  on t h e  IBM 7094 d i g i t a l  computer f o r  any g i v e n  w a l l  
t empera tu re  d i s t r i b u t i o n ,  i n i t i a l  c o n d i t i o n s  from t h e  mixinp 
s o l u t i o n ,  and wall l e n g t h  r a t i o ,  [w/jm 
2.  i$et Heat T rans fe r  i n  Mixing Region--A major d i f f e r -  - -- --
ence between t h e  p r e s e n t  s o l u t i o n  and t h e  s o l u t i o n  of 
Kors t  (1) and Miles  i s  i n  t h e  manner t h e  hea t  t r a n s f e r r e d  
from t h e  c a v i t y  w a l l  i n t o  the  the rma l  boundary l a y e r  i s  
r e p r e s e n t e d  a t  t h e  conf luence  p o i n t  f o r  d i f f u s i o n  i n t o  t h e  
mixing zone. A b r i e f  review of  t h e  l a t e r  method i s  g iven  
below fol lowed by an e x p l a n a t i o n  of t h e  p r e s e n t  s o l u t i o n .  
The e a r l i e r  s tudy  assumed t h a t  t h e  t empera tu re  
f i e l d  of t h e  j e t  mixing r e g i o n  could be superimposed t o  a 
t empera tu re  f i e l d  due t o  t h e  d i f f u s i o n  o f  t h e  w a l l  boundary 
l a y e r  thermo energy a t  t h e  po in t  of conf luence .  I t  was 
assumed t h a t  t h e  d i f f u s e d  tempera ture  f i e l d  could be 
r e p r e s e n t e d  by a s i m i l a r i t y  p r o f i l e  i n  a d d i t i o n  t o  t h e  
s i m i l a r i t y  v e l o c i t y  p r o f i l e s  of t h e  mixing r e g i o n .  There  
was, t h e r e f o r e ,  no d i r e c t  way t o  account  f o r  i n i t i a l  bound- 
a r y  l a y e r  t h i c k n e s s  i n  e i t h e r  t h e  v e l o c i t y  or  t empera tu re  
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s o l u t i o n  i n  t h e  mixing r eg ion .  Indeed,  i t  was n o t  even 
a t tempted  t o  account  f o r  t h e  i n i t i a l  d i s t r i b u t i o n  o f  t h e  
t empera tu re  f i e l d  i n  a way corresponding t o  t h e  e q u i v a l e n t  
b leed  concept  f o r  v e l o c i t y  p r o f i l e s .  
To o b t a i n  a more g e n e r a l l y  u s e f u l  s o l u t i o n  of t h e  
mixing r e g i o n  a numerical  s o l u t i o n  t o  t h e  momentum and 
energy e q u a t i o n  was made i n c l u d i n g  t h e  e f f e c t s  o f  i n i t i a l  
t empera tu re  and v e l o c i t y  boundary l a y e r s .  This  has been 
d e s c r i b e d  i n  t h e  prev ious  s e c t i o n .  The hea t  t r a n s f e r r e d  
i n t o  t h e  w a l l  boundary l a y e r  w i l l  be c a r r i e d  i n t o  t h e  mix- 
i ng  s o l u t i o n ,  by a tempera ture  p r o f i l e  a t  t h e  end of t h e  
w a l l  (beg inn ing  of t h e  m i x i n g  r e g i o n )  i n s t e a d  of t h e  l i n e  
s o u r c e  r e p r e s e n t a t i o n  of Miles  and K o r s t .  An i n t e g r a l  of  
t h e  e n t h a l p y  d i s t r i b u t i o n  a t  t h a t  p o i n t  shou ld ,  t h e r e f o r e ,  
be e q u i v a l e n t  t o  t h e  t o t a l  heat  t r a n s f e r r e d  from t h e  w a l l .  
A s  was d i s c u s s e d  i n  t h e  s e c t i o n  on w a l l  h e a t  t r a n s f e r ,  a 
method of de t e rmin ing  t h e  end t empera tu re  p r o f i l e  i s ,  i n  
g e n e r a l ,  n o t  a v a i l a b l e  f o r  an a r b i t r a r y  wa l l  t empera tu re  
d i s t r i b u t i o n .  Th i s  l i m i t s  t h e  r e l i a b l e  r ange  of a p p l i c a t i o n  
o f  t h e  s o l u t i o n  a t  t h e  ; ;resent t ime t o  t h o s e  c a s e s  where t h e  
thermo boundary l a y e r  tempera ture  p r o f i l e  i s  c a l c u l a b l e .  
The i n t e g r a l  r e p r e s e n t i n g  t h e  n e t  hea t  t r a n s f e r  may 
be r e w r i t t e n  i n  terms of i n t e g r a l s  t h a t  were d e f i n e d  f o r  t h e  
s i m i l a r i t y  p r o f i l e s  (1). O f  c o u r s e ,  t h e s e  i n t e g r a l s  m u s t  be 
e v a l u a t e d  f o r  t h e  p r o f i l e s  ob ta ined  w i t h  t h e  p r e s e n t  j e t  
mixing numer i ca l  s o l u t i o n .  
I 
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where t h e  i n t e g r a l s  a r e  d e f i n e d  as 
I, 1 
The unknown wake bulk t e m p e r a t u r e  Tob serves as t h e  
c a v i t y  r e f e r e n c e  tempera ture  as t h e  wake v e l o c i t y ,  
d i d  for t h e  d i s s i p a t i v e  model. I t  i s  t h e  secondary stream 
tempera tu re  o u t s i d e  t h e  s h w r  r e g i o n  i n  t h e  two-strean! mix- 
i n g  a n a l y s i s  which i s  a l s o  used i n  t h e  h e a t  t r a n s f e r  anal-  
y s i s  a long  t h e  c a v i t y  w a l l .  
c h a r a c t e r i z e s  t h e  tempera ture  f i e l d  o f  t h e  wake r e g i o n .  
was used as t h e  independent  v a r i a b l e  i n  performing t h e  
t h e r m a l  energy  ba lance .  
+,, , 
T h i s  re ference  t empera tu re  t h u s  
I t  
The c a l c u l a t i o n  procedure f o r  t h e  thermodynamic 
b a l a n c e  was made as f o l l o w s  f o r  a g i v e n  c a v i t y  geometry and 
f r e e  stream c o n d i t i o n s  : 
(1) assume a Tob/Toa v a1 ue 
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c a l c u l a t e  t h e  tempera ture  f i e l d  i n  t h e  mixing 
r e g i o n  and determine t h e  n e t  h e a t  t ransfer  
a c r o s s  t h e  mixing r e g i o n  
c a l c u l a t e  t h e  t o t a l  wall h e a t  t r a n s f e r  
check t h e  ba lance  of  t h e  t h e r m a l  energy equa- 
t i o n  f o r  g iven  mass b leed  c o n d i t i o n s .  If t h e  
terms do n o t  ba lance ,  r e t u r n  t o  s t e p  (1) and 
re-assume a new v a l u e  o f  Tob/Toa. 
A f t e r  t h e  ba l ance  has  been accomplished, t h e  t empera tu re  
f i e l d  f o r  the c a v i t y  hepomec, knnwn as well R S  t . h P  velocity 
f i e l d ,  which had been c a l c u l a t e d  b e f o r e  w i t h  t h e  h e l p  of  
t h e  d i s s i p a t i v e  model. 
111. EXPERIMENT 
I A .  Exper imenta l  O b j e c t i v e s  
__I 
The t h e o r y  developed f o r  mass a d d i t i o n  a t  a g iven  
t empera tu re  t o  a c i r c u l a r  c a v i t y  w i t h  an a r b i t r a r y  w a l l  tem- 
p e r a t u r e  d i s t r i b u t i o n  should be e v a l u a t e d  expe r imen ta l ly  t o  
de t e rmine  i f  t h e  m d e r l y i n g  assumptions are  r e a s o n a b l e  and t h e  
a n a l y t i c a l  r e s u l t s  u s e f u l  a s  e n g i n e e r i n g  d e s i g n  in fo rma t ion .  
The r e s u l t s  f o r  t h e  expe r imen ta l  model f o r  t h e  l i m i t i n g  c a s e s  
cons ide red  provide  a b a s i s  f o r  e v a l u a t i n g  t h e  complete  c a v i t y  
I L ~ ~ L  brdllbler a d  d i s s i p a t i v e  model. L - - L  c -.--n.- 
Design of t h e  experiment should be  v e r s a t i l e  enough t o  
ex tend  t h e  range  of t h e  exper imenta l  d a t a  as more r e c e n t  i n -  
fo rma t ion  i s  added t o  t h e  t h e o r e t i c a l  model a s  w e l l  as p rov ide  
i n f o r m a t i o n  u s e f u l  t o  t h e  p re sen t  a n a l y s i s .  I t  should a l s o  be 
made f l e x i b l e  enough f o r  use i n  f u r t h e r  s t u d i e s  t h a t  might be 
sugges t ed  by t h e  p r e s e n t  work. 
The o b j e c t ,  t h e r e f o r e ,  was t o  d e s i g n  an experiment  t h a t  
most n e a r l y  meets  t h e  assumption of t h e  p r e s e n t  a n a l y s i s  and 
a n t i c i p a t e d  e x t e n s i o n s  t o  t h e  a n a l y s i s .  
B.  - Exper imenta l  Apkaratus  _I-
1. Model--A c i r c u l a r  c a v i t y  7 1 / 2  i n c h e s  i n  d iameter  w i t h  
a 9 15/15 i n c h  opening was f a b r i c a t e d  from l u c i t e  p l a s t i c  and 
comple te ly  encased i n  f i b e r g l a s s  i n s u l a t i o n  one i n c h  t h i c k .  
The c a v i t y  was 14 3/8 inches  wide and had l u c i t e  l e a d i n g  and 
t r a i l i n g  p l a t e s .  A s k e t c h  is  shown i n  f i g u r e  10  o f  t h e  c a v i t y  
I 
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mounted a t  t h e  o u t l e t  of  t h e  f r e e - j e t  wind  t u n n e l  used i n  
t h e  experiment .  
L u c i t e  was used a s  the  c o n s t r u c t i o n  material  because  
it i s  an e x c e l l e n t  thermo and e l e c t r i c a l  i n s u l a t o r .  These 
c h a r a c t e r i s t i c s  were necessa ry  i n  o r d e r  t o  keep t h e  h e a t  loss 
t o  a m i n i m u m  and t o  p rov ide  e l e c t r i c a l  i n s u l a t i o n  between t h e  
h e a t e r  s t r i p s  t h a t  were mounted a long  t h e  c a v i t y  w a l l  t o  s i m u -  
l a t e  w a l l  hea t  t r a n s f e r .  The added f i b e r g l a s s  wrap i n s u r e d  low 
thermo l o s s e s  from t h e  heated c a v i t y  w a l l  and from t h e  endwalls .  
D r i v e r - H a r r i s  Company 245 a l l o y  Nichrome, one i n c h  
w i d e  and 0,001 i n c h e s  t h i c k ,  r i b b o n  was used t o  c o n s t r u c t  t h e  
h e a t e r s  f o r  t h e  w a l l  h e a t  t r a n s f e r .  The h e a t e r s  comple te ly  
spanned t h e  wid th  of t h e  c a v i t y  and t h e  power l e a d s  were l e d  
o u t  t h rough  t h e  two s i d e  wal ls .  The l ead  opening was ca lked  
t o  i n s u r e  no a i r  leakage .  Uuco cement was used t o  f a s t e n  t h e  
h e a t e r s  t o  t h e  w a l l  and gave an e x c e l l e n t  smooth bond a f t e r  an 
i n i t i a l  c u r i n g  p e r i o d ,  The cement and t h e  l u c i t e  walls lim- 
i t e d  t h e  wal l  t empera tu re  l e s s  t h a n  200' F. 
Th i r ty - two  s t r i p s  were mounted a l o n g  t h e  w a l l  w i t h  a 
1/32 i n c h  spac ing  between s t r i p s .  T h i s  arrangement  was thought  
t o  g i v e  a r e a s o n a b l e  approximation t o  any a r b i t r a r y  tempera-  
t u r e .  Each h e a t e r  was i n d i v i d u a l l y  manual ly  c o n t r o l l e d  u s i n g  
a c o n t r o l  shown s c h e m a t i c a l l y  i n  f i g u r e  12 .  
S t r i p  t empera tu re  was c o n t r o l l e d  by a d j u s t i n g  t h e  rheo-  
s t a t  shown i n  t h e  schemat ic  and moni tor ing  t h e  t empera tu re  on 
a r e a d - o u t  d e v i c e o  The ad jus tments  cont inued  from h e a t e r  1 
t h r o u g h  h e a t e r  3 2  u n t i l  t h e  d e s i r e d  t empera tu res  were reached 
I 
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w i t h i n  a t o l e r a n c e  of 1/4O F on t h e  po ten t iome te r .  Th i s  i s  
w e l l  w i t h i n  t h e  manufac tu re r ' s  t o l e r a n c e  on t h e  thermocouple  
wire. A l l  h e a t e r s  were powered i n  a p a r a l l e l  c i r c u i t  f rom a 
120 v o l t  t o  5 v o l t  heavy d u t y  t r ans fo rmer  as shown. Average 
h e a t e r  r e s i s t a n c e  was o n  t h e  o r d e r  of  0.55 ohms per  f o o t .  
Copper-constantan thermocouples  o f  30 g a g e  w i r e  were 
mounted under t h e  c e n t e r  of each  s t r i p  t o  measure and monitor  
t h e  s t r i p  t empera tu re .  F i g u r e  11 shows a s k e t c h  of a thermo- 
couple  mounted i n  t h e  l u c i t e  w a l l .  The w i r e s  were extended 
two i n c h e s  a long  t h e  h e a t e r  s t r i p  t o  reduce  t h e  measurement 
e r r o r  due t o  h e a t  conduct ion t o  a n e g l i g i b l e  v a l u e  ( 3 0 ) .  
Openings i n  t h e  w a l l  were s e a l e d  w i t h  Duco cement which was 
a l s o  used t o  hold t h e  thermocouples  i n  p l a c e .  
Thermocouples were a l s o  mounted i n  v a r i o u s  p l a c e s  i n  
t h e  w a l l  t o  measure g r a d i e n t s  between s t r i p  c e n t e r s  and a c r o s s  
t h e  c a v i t y  from one s i d e  w a l l  t o  t h e  o t h e r .  A t  t h e  t e s t  l oca -  
t i o n ,  t h e  c e n t e r  of t h e  c a v i t y  wal l ,  t h e  g r a d i e n t s  were w i t h i n  
t h e  t o l e r a n c e  o f  t h e  thermocouple w i r e  f o r  a f i v e  degree  d i f -  
f e r e n c e  i n  a d j a c e n t  s t r i p  cen te r  t empera tu res .  
The l e a d i n g  p l a t e  t o  t h e  c a v i t y  had two purposes :  
f i r s t l y ,  t o  e s t a b l i s h  t h e  flow e n t e r i n g  t h e  c a v i t y  i n  a t u r -  
b u l e n t  boundary l a y e r ,  and secondly ,  t o  e l i m i n a t e  t h e  e f f e c t s  
of t h e  nozz le  boundary l aye r  of t h e  b lower .  A s  shown i n  
f i g u r e  10, t h e  t u n n e l  boundary l a y e r  i s  scooped under t h e  
p l a t e .  Boundary l a y e r  t h i c k n e s s  on t h e  l e a d i n g  p l a t e  was 0.31 
i n c h e s  a t  t h e  c a v i t y  en t r ance .  This  va lue  was based on a 
v e l o c i t y  t r a v e r s e  w i t h  a t o t a l .  p r e s s u r e  probe and when p l o t t e d  
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i s  a r e p r e s e n t a t i v e  t u r b u l e n t  boundary l a y e r .  
The t r a i l i n g  p l a t e  was used t o  l e a d  o f f  t h e  flow t h a t  
pas ses  over  t h e  c a v i t y .  It  w i l l  be i n t e r e s t i n g  at a l a t e r  
time t o  i n s t a l l  t empera tu re  measuring d e v i c e s  a long  t h i s  p l a t e  
t o  measure t h e  e f f e c t  of changes i n  t h e  c a v i t y  on h e a t  trans- 
f e r  t o  t h e  t r a i l i n g  p l a t e .  
Both edges of  t h e  c a v i t y ,  a t  s e p a r a t i o n  and  r e a t t a c h -  
ment, were made s h a r p  and blended i n t o  t h e  c a v i t y  wal l .  Th i s  
was done t o  make a d i s t i n c t  l o c a t i o n  of s e p a r a t i o n  and re -  
a t t achmen t .  
Mixing l e n g t h  o f  9 15/16 inches  cor responds  t o  a 
Mixing Reynolds number of 4.8 x 10 5 and t h e  c a v i t y  had a r a t i o  
of c a v i t y  w a l l  l e n g t h  t o  mixing l e n g t h  of 3.35. 
2. Ea uipment--A low speed f r e e - j e t  wind t u n n e l  l o c a t e d  i n  
t h e  Mechanical  Engineer ing  Labora tory  was used i n  t h i s  e x p e r i -  
ment. A backward curved c e n t r i f u g a l  blower w i t h  a c a p a c i t y  of 
1000 C F M a t  7.5  i nches  o f  water o r  15,500 C F M a t  atmos- 
p h e r i c  p r e s s u r e  was d ischarged  th rough  a d i f f u s e r  i n t o  a t h r e e  
f e e t  by f o u r  f e e t  s e t t l i n g  chamber. The chamber had two 10x14 
mesh s c r e e n s  a c r o s s  t h e  chamber a t  approximate ly  t h e  c e n t e r  
which  dampened any upstream d i s t u r b a n c e s  and reduced t h e  t u r -  
bu lence  l e v e l .  Downstream o f  t h e  s e t t l i n g  chamber was a nozzle 
w i th  a 15 x 20 i n c h  e x i t  a r e a  d i s c h a r g i n g  i n t o  t h e  atmosphere.  
The e x i t  v e l o c i t y  was approximately 100 f p s ,  depending on t h e  
a tmosphe r i c  c o n d i t i o n s ,  and uniform w i t h i n  0.5’ per  c e n t  exclud- 
i n g  t h e  O , 3  i n c h  wall boundary l a y e r .  F i g u r e  10 i n d i c a t e s  t h e  
r e l a t i v e  p o s i t i o n  of t h e  nozzle  and t h e  
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c a v i t y .  
a. 
b. 
C .  
d. 
e .  
The fo l lowing  measurements were r eco rded :  
F r e e  Stream V e l o c i t y  w i t h  a 0.049 i n c h  d i ame te r  t o t a l  
p r e s s u r e  probe.  Readings were made on a 3 - inch  
Merriam i n c l i n e d  manometer, which could be r e a d  t o  
t h e  n e a r e s t  0.01 inch  of wa te r .  The probe was mounted 
approximate ly  t e n  inches above t h e  c a v i t y  opening and 
c e n t e r e d  w i t h  r e s p e c t  t o  t h e  blower exhaus t  n o z z l e .  
F r e e  Stream Temperature w i t h  a coppe r -cons t an tan  
thermocouple  r e fe renced  t o  an i c e  b a t h .  The thermo- 
couple  was mounted on t h e  l e a d i n g  edge of t h e  f l a t  
p l a t e  upstream of the  c a v i t y .  
Bleed Temperature  w i t h  two copper -cons tan tan  thermo- 
coup les  r e f e r e n c e d  t o  an i c e  b a t h .  TGle thermocouples  
were mounted i n  t h e  coup l ings  j u s t  b e f o r e  t h e  a i r  
e n t e r i n g  i n t o  e i t h e r  s i d e  of t h e  c a v i t y .  
Bleed Mass Flow R a t e  w i t h  a F i s h e r  and P o r t e r  Rota-  
meter number JlO-1569 w i t h  a BSX - 62 - A f l o a t  and 
B - 6 A  - 25 - A tube .  Th i s  meter was compared w i t h  an 
A.S.M.E. s t a n d a r d  o r i f i c e  meter ,  and t h e  two meters  
were found t o  be w i t h i n  t h r e e  per  c e n t  i n  t h e  r ange  of 
t h e  d a t a .  
Cav i ty  Temper a t  u r  e w i t h  f o u r  copper -cons t  ant an  thermo- 
coup les  i n  s e r i e s  r e fe renced  t o  t h e  f r e e  stream tem- 
p e r a t u r e .  The f r e e  s t r e a m  j u n c t i o n s  were mounted i n  
t h e  same l o c a t i o n  as t h e  thermocouple  measuring f r e e  
f .  
g *  
h. 
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stream tempera tu re .  The f o u r  coup les  were mounted 
i n  t h e  c a v i t y  on a r a d i u s  and a t  an i n t e r v a l  t h a t  
would g i v e  a m e a n i n g f u l  average  t empera tu re .  It was 
assumed t h a t  t h e  core  f low was s o l i d  body r o t a t i o n  
and us ing  t h i s  v e l o c i t y  p r o f i l e  t h e  mass f low r a t e  
d i s t r i b u t i o n  a long  t h e  radius  o f  t h e  c a v i t y  was d e t e r -  
mined. The r a d i u s  was d i v i d e d  i n t o  f o u r  e q u a l  t o t a l  
mass segments and thermocouples  were mounted a t  the  
mass f low c e n t e r  o f  each segment. 
Atmospheric P r e s s u r e  w i t h  a s t a n d a r d  barometer  mounted 
i n  t h e  Mechanical  Engineer ing Labora to ry .  
Curren t  Flow t o  t he  h e a t e r s  w i t h ' a  Weston meter which 
could be r e a d  t o  t h e  n e a r e s t  0.05 of a n  ampere. 
Heater  Temperature with i n d i v i d u a l  copper - cons t an t  an 
thermocouples  t o  each of 3 2  heaters.  
A l l  temperature measurements were read on a Leeds and 
Northrup p o r t a b l e  poten t iometer  which could be read t o  t h e  
n e a r e s t  0.001 of a m i l l i v o l t ,  T h i s  i s  t h e  n e a r e s t  1/22 of  a 
d e g r e e  f o r  copper -cons tan tan  thermocouples  and much c l o s e r  
t h a n  t h e  thermocouple  guaranteed t o l e r a n c e  o f  3/4 of a degree .  
The m i l l i v o l t  r e a d i n g s  were converted t o  t empera tu re  using 
Leed and N o r t h u p ' s  31031 Standard Conversion Tables. A l l  
thermocouples  were cons t ruc t ed  from 30 gage nylon i n s u l a t e d  
wi re .  The w i r e  was c a l i b r a t e d  by t h e  manufac turer ,  Thermo 
E l e c t r i c  Co., I n c . ,  and a n  accuracy o f  - + 3 / 4 O  F from 75' F t o  
200° F was guaranteed .  
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C .  Exper imenta l  Procedure --
The t e s t  was conducted i n  t h e  f o l l o w i n g  f a s h i o n :  
a. S t a r t  t h e  wind t u n n e l  and r eco rd  f r e e  stream condi -  
t i o n s  and ba romet r i c  p r e s s u r e .  
b. A d j u s t  t h e  c a v i t y  bleed r a t e  t o  t h e  prede termined  
v a l u e .  
c.  Turn on h e a t e r  t o  mass b l e e d .  T h i s  was not p r e c i s e l y  
c o n t r o l l e d  a t  a given t empera tu re  b u t  s e t  w i t h  a 
V a r i a c  t r a n s f o r m e r ,  S e t t i n g s  were made t o  cover  a 
p a r t i c u l a r  r ange  of  b l eed  t e m p e r a t u r e s .  
d .  T'urn on power t o  h e a t e r  s t r i p s  and p r e s e t  h e a t e r  con- 
t r o l s  based on p a s t  expe r i ence  f o r  t h e  d e s i r e d  tem- 
per  a t  ur e d i s  t r  i b u t  ion .  
e .  Allow approximate ly  30 minutes  t o  pass and t h e n  make 
any f i n e  ad jus tmen t s  needed f o r  t h e  bleed r a t e .  
f. Change each i n d i v i d u a l  h e a t e r  c o n t r o l s  u n t i l  t h e  
d e s i r e d  t empera tu re  d i s t r i b u t i o n  i s  s e t  e T h i s  u s u -  
a l l y  r e q u i r e s  on t h e  o r d e r  of 30 minutes  and a g r e a t  
d e a l  of  p a t i e n c e .  
g .  Record power t o  each h e a t e r ,  c a v i t y  t empera tu re ,  and 
w a l l  temper a t  u re  d i s t r i b u t i o n .  
I V .  DISCUSSION OF RESULTS 
I n  c o n t r a s t  t o  e a r l i e r  i n v e s t i g a t i o n s  which proposed 
and a t tempted  t o  v e r i f y  i n d i v i d u a l  and supposedly mutua l ly  
independent  components, as  w e l l  as t h e i r  i n t e g r a t i o n  i n t o  
t h e  o v e r - a l l  c a v i t y  f low model, t h i s  s t u d y  has been conducted 
i n  a n t i c i p a t i o n  o f  s t r o n g  i n t e r a c t i o n s  between f low r e g i o n s  
and d i f f e r e n t  d i s s i p a t i v e  and  c o n v e c t i v e  mechanisms. 
I n  p a r t i c u l a r ,  t h e  j e t  mixing problem had t o  be 
l i n k e d  t o g e t h e r  w i t h  t h e  i n i t i a l  v e l o c i t y  and t empera tu re  
d i s t r i b u t i o n s  near t h e  p o i n t  o f  conf luence  which r e q u i r e d  
t h e  s t u d y  o f  deve lop ing  non- s imi l a r  p r o f i l e s .  The problem 
of  d e a l i n g  w i t h  t h e  e f f e c t i v e  eddy v i s c o s i t y  i n  an a n a l y t -  
i c a l  model, a l t h o u g h  impor t an t ,  has  been coped w i t h  i n  a 
c u r s o r y  form o n l y  and no d i r e c t  ev idence  has  been sought  or 
o b t a i n e d  i n  t h e  cour se  of t h i s  s t u d y .  
However, t h e  a n a l y t i c a l  method, as p r e s e n t e d ,  can 
y i e l d  numer i ca l  s o l u t i o n s  i n  a form which do no t  r e q u i r e  
f u l l  s p e c i f i c a t i o n  of  t h e  v i s c o s i t y  law, and any informa-  
t i o n  going beyond such  p re l imina ry  f o r m u l a t i o n s  as proposed 
i n  s e c t i o n  I1 and used f o r  a l l  a n a l y t i c a l  r e s u l t s  could  
e a s i l y  be s u b s t i t u t e d .  Th i s  i s  i n  s p i t e  o f  t h e  f a c t  t h a t  
e x p e r i m e n t a l  ev idence  has meanwhile g i v e n  some suppor t  no t  
o n l y  f o r  t h e  usefu lness  b u t  a l s o  f o r  t h e  r e a s o n a b l e n e s s  of  
t h e  sugges t ed  r e l a t i o n .  
A t t e n t i o n  i s  here  c a l l e d  t o  some o f  t h e  p re sen t  
59 
r e s u l t s  f o r  t h e  mixing component as compared t o  t h o s e  ob- 
t a i n e d  by o t h e r  methods. 
A numer i ca l  s o l u t i o n  has  been developed f o r  t h e  
s h e a r  r e g i o n  between two p a r a l l e l  streams a t  d i f f e r e n t  f r e e  
stream v e l o c i t i e s .  
has no t  been e x p e r i m e n t a l l y  v e r i f i e d  b u t  t h e  r e s u l t s  seem 
r e a s o n a b l e .  Comparison w i t h  t h e  a sympto t i c  s o l u t i o n  ( 2 )  as 
shown i n  f i g u r e  5 i n d i c a t e s  good agreement w i t h  t h e  p r e s e n t  
a n a l y s i s  based on t h e  r e p r e s e n t a t i v e  j t l  s t reaml ine  v e l o c i t y .  
Both  curves are  f o r  z e r o  i n i t i a l  boundary l a y e r s .  T h i s ,  of 
c o u r s e ,  does  no t  g i v e  c redulence  t o  t h e  s o l u t i o n  i n  t h e  
deve lop ing  r e g i o n  b u t  i n d i c a t e s  t h a t  t h e  f i n a l  p r o f i l e  is 
r e a s o n a b l e .  
The v a l i d i t y  of t h e  method developed 
Shown i n  f i g u r e s  6 and 7 a re  p l o t s  o f  v e l o c i t y  pro-  
f i l e s  from t h e  i n i t i a l  p o i n t  o f  n i x i n g  th rough  a l e n g t h  
e q u i v a l e n t  t o  t h e  p r e s e n t l y  i n v e s t i g a t e d  c a v i t y .  The p i c -  
tu re  shown by t h e  p l o t s  i s  what would be expec ted  from a 
p h y s i c a l  r e a s o n i n g ,  t h a t  i s  a smoothing o u t  o f  t h e  p r o f i l e  
and a s p r e a d i n g  o f  t h e  shea r  r e g i o n .  
It would seem t h a t  t h e  on ly  q u e s t i o n  i s  i f  t h e  
development t a k e s  p l a c e  t o o  r a p i d l y  o r  t o o  s lowly .  
ad jus tmen t  t h a t  might be r e q u i r e d  i n  t h e  development l e n g t h  
would no t  depend on t h e  b a s i c  s o l u t i o n  bu t  on t h e  r e p r e -  
s e n t a t i o n  of t h e  e m p i r i c a l  eddy v i s c o s i t y  r a t i o  and t h e  
i n i t i a l  va lue  o f  eddy v i s c o s i t y ,  These terms have been 
under i n v e s t i g a t i o n  f o r  a long pe r iod  by s e v e r a l  r e s e a r c h e r s  
Any 
I -  
( e . g . ,  N A S A  g r a n t  N o .  N s G  13-59 a t  t h e  ' J n i v e r s i t y  of 
I l l i n o i s )  and perhaps f u r t h e r  i n v e s t i g a t i o n  of t h e  problem 
u s i n g  t h e  p r e s e n t  s o l u t i o n  w i l l  p rovide  a more i n d i c a t i v e  
r e l a t i o n  f o r  t h e  eddy v i s c o s i t y .  
conducted as a p a r t  of t h e  p re sen t  r e s e a r c h  e f f o r t  t o  extend 
and more f u l l y  v e r i f y  t h e  r e s u l t s  of  t h e  two-stream s o l u t i o n  
and t o  e s t a b l i s h  an eddy v i s c o s i t y  r e l a t i o n  on a f i r m  e x p e r i -  
men ta l  b a s i s .  Although t h e r e  i s  some degree  of u n c e r t a i n t y ,  
t h e  r e su l t an t  mixing model has proved u s e f u l  i n  t h e  s tudy  of  
c a v i t y  f low and hea t  t r a n s f e r .  The a n a l y s i s  could a l s o  be 
used t o  c a l c u l a t e  wakes of a i r f o i l s  o r  any s h a r p  t r a i l i n g  
edge body. I n  a d d i t i o n ,  t h e  a n a l y s i s  p rov ides  a s t a n d a r d  
numer i ca l  s o l u t i o n  a g a i n s t  which l e s s  r i g o r o u s  but  more 
e a s i l y  used eng inee r ing  s o l u t i o n s  may be compared. 
An i n v e s t i g a t i o n  is  being 
Using t h e  energy ba lance  systems a n a l y s i s  w i t h  t h e  
p r e s e n t  r e s t r i c t e d  method of c a l c u l a t i n g  t h e  w a l l  h e a t  trans- 
f e r  p rov ides  a r easonab le  agreement f o r  c a v i t y  bulk  tempera-  
t u re  i n  a c a v i t y  w i t h  const ,ant  w a l l  t empera tu re  or  s t e p  
changes.  F i g u r e  13 shows a comparison o f  d a t a  f o r  t h r e e  
mass b leed  r a t e s  w i t h  cons t an t  c a v i t y  wa l l  t empera tu re .  
A l s o ,  p r e sen ted  i n  f i g u r e  1 4  a r e  d a t a  f o r  a c a v i t y  w a l l  w i t h  
two s t e p  changes i n  t empera tu re  a f t e r  t h e  i n i t i a l  change a t  
t h e  l e a d i n g  edge. The d a t a  a r e  i n  g e n e r a l l y  good agreement 
w i t h  t h e  a n a l y s i s  and fo l low t h e  t r e n d  of  t h e  cu rves  w e l l .  
T h i s  i n d i c a t e s  t h a t  t h e  a n a l y t i c a l  model g i v e s  a r e a s o n a b l y  
u s e f u l  t o o l  i n  t h e  s t u d y  o f  f low over and w i t h i n  n e a r l y  
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c i r c u l a r  c a v i t i e s .  
Reynolds (13) sugges ted  t h a t  t h e  l o c a l  h e a t  t r a n s f e r  
c o e f f i c i e n t  f o r  a f l a t  p l a t e  w i t h  c o n s t a n t  h e a t  f l u x  i s  4.3 
p e r  cen t  g r e s t e r  t h a n  f o r  a f l a t  p l a t e  w i t h  c o n s t a n t  w a l l  
t empera tu re .  U s i n g  t h i s  f a c t o r  t h e  a n a l y t i c a l  r e s u l t s  f o r  
t h e  c o n s t a n t  t empera tu re  w a l l  were s h i f t e d  and d a t a  f o r  t h e  
c o n s t a n t  f l u x  case  was t h e n  compared w i t h  t h i s  s h i f t e d  r e s u l t  
i n  f i g u r e  15. Agreement i s  f a i r  and t h e  cu rves  a r e  on ly  a n  
i n d i c a t i o n  as t h e  s h i f t i n g  f a c t o r  was d e r i v e d  f o r  c o n s t a n t  
i n i t i a l  c o n d i t i o n s  t o  t h e  p l a t e .  A method o f  c a l c u l a t i n g  
l o c a l  t empera tu re  f o r  cons t an t  wal l  f l u x  s i m i l a r  t o  t h e  
method f o r  c o n s t a n t  w a l l  t empera ture  wou ld ,  of cour se  be 
more r e l i a b l e .  
Loca l  h e a t  t r a n s f e r  c o e f f i c i e n t s  f o r  t h e  c a v i t y  wal l  
a r e  p r e s e n t e d  i n  f i g u r e s  16 ,  17, and 18 f o r  t h e  i s o t h e r m a l  
c a s e .  The f i r s t  p l o t  i s  normalized w i t h  an ave rage  h e a t  
t r a n s f e r  c o e f f i c i e n t  ( s e e  nomenclature  f o r  d e f i n i t i o n ) .  For 
t h i s  p l o t ,  t h e  temperature d i f f e r e n c e  f o r  t h e  l o c a l  and ave r -  
? age c o e f f i c i e n t  was cons idered  t o  be t h e  c o n s t a n t  wal l .  tem- 
p e r a t u r e  minus t h e  c a v i t y  bulk t empera tu re ,  Tob.  
l i e  t o g e t h e r  and i n d i c a t e  t h e  same h e a t  t r a n s f e r  p a t t e r n  
from t h e  w a l l  as t h e  t o t a l  amount of h e a t  t r a n s f e r r e d  was 
changed. On ly  t h r e e  s e t s  of data  were p l o t t e d  b u t  t h e  o t h e r  
r e s u l t s  f a l l  i n  t h e  same d i s t r i b u t i o n .  Note t h e  uncha rac t e r -  
i s t i c  r i s e  i n  h e a t  t r a n s t e r  a t  t h e  s e p a r a t i o n  p o i n t  due t o  
t h e  mixing zone. 
A l l  d a t a  
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I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  average  hea t  
t r a n s f e r  c o e f f i c i e n t  i s  nea r ly  p r o p o r t i o n a l  t o  t h e  Length 
Reynolds number t o  t h e  - 2 / 5  power. T h i s  i s  i n  agreement w i t h  
Larson (14) and h i s  axisymmetr ic  model and i n  d isapreement  
w i t h  Fox (17)  and h i s  r e c t a n g u l a r  model. Th i s  i s  not  con- 
c l u s i v e  as d a t a  were t a k e n  f o r  on ly  one v a l u e  of Reynolds  
Number. 
I n  f i g u r e  17,  t h e  normal iz ing  f a c t o r  i s  t h e  h e a t  
t r a n s f e r  c o e f f i c i e n t  of a f l a t  p l a t e  e q u i v a l e n t  t o  t h e  c a v i t y  
w a l l .  T h i s  p l o t  t h e n  i n d i c a t e s  q u a n t i t a t i v e l y  t h e  d e v i a t i o n  
of t h e  c a v i t y  wal l  hea t  t r a n s f e r  from t h a t  of a f l a t  p l a t e .  
The d a t a  s h i f t s ,  r e t a i n i n g  t h e  h e a t  t r a n s f e r  p a t t e r n ,  depend- 
ing  on t o t a l  h e a t  t r a n s f e r r e d  t o  t h e  c a v i t y  or t h e  c a v i t y  
t e m p e r a t u r e .  I f  t h e  hea t  t r a n s f e r  were comple te ly  l i k e  a 
f l a t  p l a t e ,  a l l  d a t a  would be on an  o r d i n a t e  value o f  one.  
Note t h a t  t h e r e  i s  g e n e r a l l y  a d e f i c i e n c y  i n  t o t a l  amount of  
h e a t  t r a n s f e r r e d  and t h a t  f o r  t h e  h ighe r  va lue  of  T o b y  t h e r e  
i s  a g r e a t e r  d e f i c i e n c y .  T h i s  i s  due t o  t h e  non-uniform 
t empera tu re  p r o f i l e  a t  t h e  s t a r t  of t h e  wal l .  Note a l s o  
t h a t  t h e  b l eed  flow r a t e  does not  d i r e c t l y  i n f l u e n c e  t h e  r e -  
s u l t s  excep t  th rough t h e  b u l k  t e m p e r a t u r e .  The c o e f f i c i e n t  
d e c r e a s e s  a t  t h e  t r a i l i n g  edge, o r  s e p a r a t i o n  edge,  which 
i s  no t  c h a r a c t e r i s t i c  of a f l a t  p l a t e .  Th i s  i s  due t o  t h e  
e f f e c t  of t h e  mix ing  r e g i o n  a c r o s s  t h e  c a v i t y  opening which 
might  be cons ide red  a t r a i l i n g  end e f f e c t .  The s h a r p  i n -  
c r e a s e  a t  t h e  r ea t t achmen t  po in t  i s ,  of c o u r s e ,  due t o  t h e  
r ea t t achmen t  of t h e  j e t  on  t h e  c a v i t y  wal l .  
A t o t a l  h e a t  t r a n s f e r  c o e f f i c i e n t  f o r  an e q u i v a l e n t  
f l a t  p l a t e  ( t h a t  i s  a p l a t e  o f  t h e  same l e n g t h  as t h e  c a v i t y  
opening,  L,) was used as t h e  no rma l i z ing  f a c t o r  i n  f i g u r e  18. 
T h i s  p l o t  t h e n  p rov ides  a means o f  comparison o f  t h e  h e z t  
t ransfer  i n  a c a v i t y  w i t h  mass b l eed  t o  t h e  e q u i v a l e n t  t o t a l  
h e p t  t r ans fe r  from a f l a t  p l a t e  o f  conpa rab le  l e n g t h .  
I n  f i g u r e s  19? 20, and 2 1  l o c a l  h e a t  t r a n s f e r  co-  
e f f i c i e n t  d a t a  a re  shown f o r  two i n t e r i o r  w a l l  t empera tu re  
s t e p  changes.  These show t h e  same g e n e r a l  t r e n d s  and agree-  
ment as f o r  t h e  i s o t h e r m a l  wall b u t  a l s o  i n d i c a t e  t h e  s h a r p  
t empera tu re  changes a t  t h e  s t e p s  and t h e  i n f l u e n c e  on t h e  
o v e r - a l l  h e a t  t ransfer  p a t t e r n  when compared t o  t h e  i s o -  
t h e r m a l  d a t a .  
Shown i n  f i g u r e  22 a r e  d a t a  f o r  a s i m u l a t i o n ,  by a 
l i n e  s o u r c e  a t  t h e  conf luence  p o i n t ,  of  t h e  w a l l  h e a t  t rans-  
f e r .  The d a t a  were t a k e n  f o r  t h i s  s t u d y  on a model used by 
Miles (4) and modif ied f o r  i n t r o d u c i n g  mass b leed  i n t o  t h e  
c a v i t y .  The c u r v e s  i n d i c a t e  t h a t  t h e  d a t a  are c o n s i d e r a b l y  
lower t h a n  r e s u l t s  p r e d i c t e d  by t h e  p r e s e n t  a n a l y s i s  f o r  a 
c o n s t a n t  wall t empera tu re  hea t  t r a n s f e r  w i t h  t h e  same t o t a l  
h e a t  t r a n s f e r r e d .  The second s e t  of cu rves  i s  f o r  Miles '  
a n a l y s i s  modi f ied  t o  account f o r  mass b l e e d .  T h i s  a n a l y s i s  
was d e r i v e d  a s  i f  t h e  h e a t  t r a n s f e r r e d  from t h e  wa l l  a c t s  
as a l i n e  s o u r c e  a t  t h e  p o i n t  of  conf luence  and t h e  d a t a  f i t  
t h e  a n a l y s i s  r a t h e r  we l l ,  
i 
. .  t 
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The f i n i t e  s i z e  and l o c a t i o n  o f  t h e  h e a t i n g  element 
a s  compared t o  t h e  sharp edge of t h e  c a v i t y  probably caused 
more h e a t  t o  be t r a n s f e r r e d  from t h e  c a v i t y  t h a n  f o r  t h e  
c a s e  of  ac tua l  w a l l  h e a t  t ransfer .  K o r s t  has  po in t ed  toward 
t h i s  p o s s i b i l i t y  (1). I n  a d d i t i o n ,  t h e  p l o t  would seem t o  
i n d i c a t e  a d e f i c i e n c y  i n  t h e  former a n a l y s i s ,  e s p e c i a l l y  i n  
t h e  wall h e a t  t ransfer  s i m u l a t i o n  t e c h n i q u e .  
V .  CONCLUSIONS AND RECOMI@NDATIONS 
It has been shown t h a t  t h e  numer ica l  c a l c u l a t i o n s  
based on t h e  proposed model produce r e a s o n a b l e  r e su l t s  f o r  
e i t h e r  t h e  c o n s t a n t  w a l l  t empera ture  c a s e  o r  f o r  s t e p  changes 
i n  w a l l  t empera tu re .  It i s  expected t h a t  t h e  method of a n a l -  
y s i s  could be extended t o  higher w a l l  and b l eed  t empera tu res  
and l a r g e r  b leed  r a t e s  which would r e s u l t  i n  h ighe r  b u l k  
t e m p e r a t u r e s .  The a n a l y s i s  is  a l s o  a p p l i c a b l e  t o  tempera- 
tures lower t h a n  t h e  f r e e  stream. 
To be a b l e  t o  ex tend  t h e  r e s u l t s  t o  a more g e n e r a l  
c a s e  o f  complete  non-uniform w a l l  t e m p e r a t u r e s ,  a b e t t e r  
method of  p r e d i c t i n g  t h e  t empera tu re  p r o f i l e  aJong t h e  w a l l  
m u s t  be determined.  This  i s  n e c e s s a r y  i n  p r e d i c t i n g  t h e  
l o c a l  wal l  h e a t  t r a n s f e r  a l o n g  a non- i so thermal  w a l l  and i n  
de t e rmin ing  t h e  i n i t i a l  t empera ture  p r o f i l e  t o  t h e  two-stream 
mixing c a l c u l a t i o n .  A s tudy  should be conducted i n v e s t i g a t -  
i n g  b o t h  e x p e r i m e n t a l l y  and a n a l y t i c a l l y  t h e  t empera tu re  
d i s t r i b u t i o n  along a non- i so thermal  f l a t  p l a t e .  The r e s u l t s  
of t h i s  s t u d y  could t h e n  be r e a d i l y  i n c o r p o r a t e d  i n  t h e  
p r e s e n t  a n a l y s i s  and a d d i t i o n a l  data  could be ob ta ined  w i t h  
t h e  p r e s e n t  expe r imen ta l  c a v i t y  and r e l a t e d  equipment 
A f u r t h e r  i n v e s t i g a t i o n  should be made of t h e  empir-  
i c a l  eddy v i s c o s i t y  r e l a t i o n  f o r  two-stream mixing. T h i s  
c o u l d  be done by making v e l o c i t y  and t empera tu re  p r o f i l e  
measurements i n  a w e l l  de f ined  mixing r e g i o n  (wi thou t  t h e  
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compl i ca t ing  i n f l u e n c e  of  a c a v i t y )  and t h e  r e s u l t s  t h e n  
used i n  t h e  c a v i t y  a n a l y s i s  by s imply  changing t h e  p r e s e n t  
r e l a t i o n s h i p  f o r  eddy v i s c o s i t y .  The c a v i t y  w a l l  causes 
t h e  secondary  stream t o  merge a t  an a n g l e  w i t h  r e s p e c t  t o  
t h e  pr imary stream and i n t r o d u c e s  a f u r t h e r  compl i ca t ing  
v a r i a b l e  t h a t  could be i n v e s t i g a t e d  a f t e r  t h e  more s imple  
case has been examined. Th i s  t y p e  o f  an i n v e s t i g a t i o n  would 
a l s o  c o n t r i b u t e  t o  a b e t t e r  unders tanding  of eddy v i s c o s i t y  
and t u r b u l e n t  flow i n  g e n e r a l .  
The expe r imen ta l  a p p a r a t u s  as des igned  and used i n  
t h i s  i n v e s t i g a t i o n  w i l l  a l low f u r t h e r  d a t a  t o  be t a k e n  f o r  
t h e  most g e n e r a l  ca se  of  a comple te ly  a r b i t r a r y  w a l l  tempera- 
tu re .  Using t h i s  equipment an i n v e s t i g a t i o n  might be con- 
duc ted  t o  de t e rmine  t h e  e f f e c t  o f  a hea t  sou rce  a long  t h e  
c a v i t y  wall on t h e  bulk  t empera tu re .  T h i s  could be done by 
us ing  one o r  more h e a t e r s  and v a r y i n g  t h e  l o c a t i o n  a long  t h e  
wal l .  
* 
A f u r t h e r  i n v e s t i g a t i o n  might be performed by hea t -  
i n g  non- i so the rma l ly  a v a r i a b l e  l e n g t h  l e a d i n g  p l a t e  t o  t h e  
c a v i t y .  T h i s  would i n d i c a t e  t h e  e f f e c t  of t h e  t empera tu re  
and v e l o c i t y  i n i t i a l  c o n d i t i o n s  o f  t h e  primary stream on  t h e  




A - a / lm  
a - l o c a t i o n  o f  ramp 
B - b/Tob 
b - s t e p  change i n  w a l l  t empera tu re  
C2  - Crocco Number, u2/2Cp To  





En - energy  d i s s i p a t e d  i n  wa l l  boundary l a y e r  -bi 
- energy  d i s s i p a t e d  i n  mixing r e g i o n  
- energy  d i s s i p a t e d  i n  c o r e  r e g i o n  
- energy  d i s s i p a t e d  i n  recompress ion  zone 
- n e t  t r ans fe r  of  mechanical energy  t o  c a v i t y  f l u i d  
- l o c a l  r a t e  of d i s s i p a t i o n  pe r  u n i t  volume 
E t  
eD 
G - b leed  r a t e  
k - thermo c o n d u c t i v i t y  
J - t o t a l  number of s t e p  changes i n  c a v i t y  w a l l  




- l o c a t i o n  of s t e p s  o r  c a v i t y  l e n g t h s  
m - s l o p e  of ramp t empera tu re  changes i n  c a v i t y  w a l l  
t empera tu re  
N - t o t a l  number of ramps 

















heat d i f f u s e d  t o  f r e e  stream 
heat t r a n s f e r r e d  a c r o s s  mixing r e g i o n  
heat t r a n s f e r r e d  t o  boundary l a y e r  a long  c a v i t y  
w a l l  
ave rage  h e a t  t ransfer  from c a v i t y  w a l l ,  
QW = QW($/Pm) 
l o c a l  heat t r a n s f e r  a long  w a l l  
upper l i m i t  of incomplete  b e t a  f u n c t i o n ,  
1 - ( a / x >  9/10 
t empera tu re  
average t empera tu re  
v e l o c i t y  i n  x d i r e c t i o n  
v e l o c i t y  i n  y d i r e c t i o n  
volume 
s h e a r  energy  t r a n s f e r r e d  a c r o s s  mixing j e t  
i n t r i n s i c  c o o r d i n a t e s  o r  c a v i t y  w a l l  c o o r d i n a t e s  
boundary l a y e r  t h i c k n e s s  
eddy d i f f u s i v i t y  
c o o r d i n a t e  of S i m i l a r i t y  mixing p r o f i l e  
s t a g n a t i o n  t empera tu re  r a t i o  i n  mixing p r o f i l e  
k inemat i c  v i s  c o s i t y  
x/& 
strean function 
d e n s i t y  
s h e a r  s t r es s 
s i m i l a r i t y  parameter f o r  s i m i l a r i t y  mixing r e g i o n  
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4 - d imens ion le s s  v e l o c i t y  
8 - boundary l a y e r  momentum t h i c k n e s s  
c3 - Y/&o 
SUBSCRIPTS 
a - f r e e  s t r eam c o n d i t i o n s  
b - bulk c a v i t y  c o n d i t i o n s  
d - d i s c r i m i n a t i n g  s t r e a m l i n e  
j - j e t  boundary s t r e a m l i n e  
m - mixing 
0 - t o t a l  c o n d i t i o n s  ( e . g . ,  t o t a l  t e m p e r a t u r e )  o r  
S - b leed  
T - i s o t h e r m a l  f l a t  p l a t e  
W - wall 
6 - boundary l a y e r  t h i c k n e s s  
o r i g i n  of mixing r e g i o n  
PARAMETERS 
- incomple te  Be ta  f u n c t i o n ,  f i g u r e  9 Brn  
GS - normalized b leed  r a t e  i n t o  c a v i t y  - 
hfP 
h 
h c s  ; x l  - l o c a l  hea t  t r a n s f e r  c o e f f i c i e n t  w i t h  s t e p  
II(7) - s e e  p. 49 
- s e e  p .  49 
t emper a t  ur  e changes 
I3 (7 )  
- E 
s e e  p .  25  
Turbu len t  P r a n d t l  Number 
Mixing Length Reynolds Number 
Loca l  Reynolds Number a long  c a v i t y  wall 
ua b , /~ '  
Average Wall S t a n t o n  Number, 


































































Q w + G b C p T o s + Q s +  ( Q , - W k ) +  H,=O 
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F i g u r e  5. Comparison of P resen t  Two-stream Analys is  with 


















































F i g u r e  6. Developing Ve loc i ty  P r o f i l e  t o  Poin t  o f  













F i g u r e  7. Developing V e l o c i t y  P r o f i l e  t o  P o i n t  of 
Rea t t achmen t  (No I n i t i a l  Boundary L a y e r s )  
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f T Bleed Flow Cavity Thermocouples (four in series) \ 
i Bleed Thermocouple 
Free Stream Thermocouple 
and Cavity Reference Junctions 
With 32 Heaters 
Nozzle Boundary Layer 
( l in .  Insulation) 
a = 1.00 d = 2 . 6 5  
b =1.25 e = 3.00 
c =1.65 f = 2 . 2 5  
F i g u r e  10. Schematic  of Exper imenta l  F a c i l i t y  Showing 
Thermocouple Loca t ions  I n s i d e  and Ou t s ide  
of Cav i ty  
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Figure 16. Local  Heat Transfer Coefficient/Average 
Coefficient (Isothermal Wall) 
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F i g u r e  17. Local  Heat T rans fe r  C o e f f i c i e n t / L o c a l  F l a t  
P l a t e  C o e f f i c i e n t  ( I s o t h e r m a l  Wall) 
a0 
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0 Gs = 0.00154 - Toe/Ton= 1.043 - 
A =0.00154 - = 1.018 D 
0 =0.00125 - = 1.017 A - - 
F i g u r e  18. Loca l  Heat T r a n s f e r  C o e f f i c i e n t / E q u i v a l e n t  
Mixing Length F l a t  Plate C o e f f i c i e n t  
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Figure 19. Local Heat Transfer Coefficient/Average 
Coefficient (Two-step Changes in Wall 
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F i g u r e  20. Local Heat T rans fe r  C o e f f i c i e n t / L o c a l  F l a t  
P l a t e  C o e f f i c i e n t  (Two-step Changes i n  Wall 
Temper a t  u r  e ) 
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F i g u r e  21. Loca l  Heat T r a m f e r  C o e f f i c i e n t / E q u i v a l e n t  
Mixing Length F l a t  P l a t e  C o e f f i c i e n t  
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